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ABSTRArT
The automotive industry is one area of potential application for filament-wound 
composite pressure vessels. Emphasis on reducing emissions promotes the use of 
compressed natural gas (CNG) and also hydrogen fueled vehicles worldwide. Fuel cells 
in concert with hydrogen gas storage technologies are key requirements. Current ultra- 
high pressure vessels are low in structural efficiency. Also there exists a fundamental lack 
of confidence and ability to understand and predict their behaviours. With the complexity 
of the structure in the dome area and the relatively complicated mechanical properties of 
composite materials, complete theoretical analyses of ultra-high pressure composite 
vessels are almost impossible. The finite element method is one approach to calculate the 
stress distributions in composite pressure vessels, and to predict both the first ply failure 
and burst pressure. Such analysis, using nonlinear methods, is one of the crucial steps 
towards the optimization of thick-walled composite pressure vessels designs.
Properties of composite materials used for pressure vessel construction is the first topic 
investigated. Nonlinear constitutive equations of the composite material in the through­
thickness direction are established using a micro-mechanics approach.
Failure criteria and the progressive damage accumulation of composites is the second 
topic. A scheme for stiffness reductions due to damage corresponding to different failure 
criterion such as Puck’s, Tsai-Wu’s and Christensen’s are proposed. These are based on 
Xu’s stiffness degradation theories.
- Ill -
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Finite element analysis of ultra-high pressure composite vessels integrating fiber failure 
and material nonlinearity is the third topic. Detailed procedures and analyses based on 
different failure criteria are presented. Both linear and nonlinear analysis are performed 
on previously tested ultra-high pressure Kevlar-49®/epoxy composite vessels. 
Comparisons have been made which show that Puck’s and Tsai-Wu’s failure criteria are 
excellent at predicting the burst pressure.
The last topic focuses on the design optimization of composite pressure vessels. Single 
winding angle composite pressure vessels made from Kelvar-49/epoxy are investigated 
first. An effective design optimization approach using PEA is proposed and implemented 
on composite vessels made from Kevlar-49®/epoxy and T300-5208 composite material. 
The burst pressure of thick composite vessels can be significantly increased by this 
optimization procedure. Material usage efficiency is therefore significantly improved. 
[Key words] Ultra-high pressure, Composite vessel, Nonlinearity, Failure criteria, PEA, 
Optimization.
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CHAPTER 1 
INTRODUCTION
1.1 Development o f composite pressure vessels
Filament-wound composite pressure vessels have found widespread use not only for 
military use but also for civilian applications. This technology originally developed for 
the military’s internal use was adapted to civilian purposes and later extended to the 
commercial market. Some mainstream applications are in-flight aircraft engine starters, 
firefighter’s and aviator’s breathing apparatus, cockpit ejection systems, mountaineering 
expedition equipment, medical oxygen supplies, and diving tanks^'l
A potential widespread application for composite pressure vessels is the automotive 
industry. Emphasis on reducing emissions promotes the conversion to Compressed 
Natural Gas (CNG) fueled vehicles worldwide. Engineers are seeking to replace fuel oils 
with natural gas or hydrogen as the energy supply in automobiles for air quality 
improvements and reduce global warming. Fuel cells in concert with hydrogen gas 
storage technologies are key requirements for the successful application of these fuels in 
vehicles. One of the limitations is the lack of vehicle range between refueling stops. 
Weight, volume and cost of the containment vessel are also crucial considerations.
Filament-wound composite pressure vessels utilizing high strength and high modulus to 
density ratio materials offer significant weight savings over conventional all-metal
1 -
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pressure vessels for the containment of high pressure gases and fluids. The structural 
efficiency of pressure vessels is defined as:
P V
e = —  (1.1)
W
where: Pb = Burst pressure
F=  Contained volume 
W= Vessel weight
The structural efficiencies of all-metal pressure vessels range from 7.6x10^ to 15.2x10® 
mm, while filament wound composite vessels have efficiencies in the range from 
20.3x 10® to 30.5x10® mm^^l The structure efficiencies of composite pressure vessels are 
about two times that of all-metallic pressure vessels of similar volume and pressure.
Composite vessels with very high burst pressures (70-100 MPa) are in service today in 
the aerospace industry. Vessels with burst pressures between 200 - 400 MPa have been 
under investigation and such containment levels were achieved in the late 1970’s through 
mid 1980’s. Advanced ultra-high pressure composite vessels design techniques must be 
employed to achieve such operation.
A maximum pressure of 35 MPa is permitted under current regulations, 21 MPa is a 
standard vehicle refueling system’s nominal output pressure for civilian applications. 
Higher pressures are not yet approved for use on public roads or commercial aircraft. 
This implies a need for advancement in composite pressure vessel technology.
- 2 -
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The pressure containment limits of thin wall composite pressure vessels are currently 
insufficient for their broad application in the transportation industry. Further development 
of thick-walled designs is required in order to hold ultra-high pressure fuel gases. It is 
known that stresses decline rapidly through the wall thickness. At first glance pretension 
of wound fibers appears to be able to change the distribution of stress through the wall 
thickness, but research has shown that the effects are limited. Optimization of stress 
distributions through a variation of geometry is considered in the design stages of 
pressure vessels. Stress distributions through the thickness in pressure vessels appear to 
be not sensitive to geometry modifications. As has been pointed out, the current ultra- 
high pressure vessels are low in structural efficiency. There also exists a fundamental 
lack of confidence in the ability to understand and predict their behaviours.
With the complexity of the structure in dome area, and the relatively complicated 
mechanical properties of composite materials, theoretical analyses of ultra-high pressure 
vessels are almost impossible once material nonlinearity and progressive material failure 
are under consideration. The general failure criteria of composite materials are widely 
debated. Nonlinear finite element analysis is one approach to calculate the stress 
distribution of the composite pressure vessel, and to predict both the first ply failure 
pressure and burst pressure.
Most of the finite element analyses on composite pressure vessels are based on shell 
elements which are generated using the classical lamination theory. The results should be 
good when the internal pressures are not very high and the ratio of diameter to wall
-3
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thickness is greater than 15. Some FEA tools like ABAQUS provide a thick shell element 
to reflect the influence of shear stress in the radial direction and capture the transverse 
shear deformation. However the influence of compressive stress in the radial direction is 
ignored. For ultra-high pressure composite vessels, this radial compression deformation 
can play an important part in the behaviour of the vessel.
When composite vessels experience internal pressures as high as 200 MPa or even 
greater, the material nonlinearity of the composite is a critical factor in determining 
vessel behaviour. This nonlinearity interacts with the composite failure and determines 
the natural progressive failure of the composite pressure vessel. Analyses of composite 
pressure vessels incorporating compressive material collapse in the radial direction have 
not been found in the literature.
The phenomenon of nonlinear behaviour of composite materials under high radial or 
through-thickness compression stress were discovered by experimental investigation.^^^ 
However, a general useful constitutive equation has not been realized to date.
The design of ultra-high pressure composite vessels should be based on both an excellent 
analysis and accurate modeling of material behaviour. Finite element analysis 
incorporating nonlinear material behaviour is one of the crucial steps towards the 
optimization of composite pressure vessels designs.
- 4 -
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1.2 Objectives of the research
There are several objectives in this research pertaining to the advancement of ultra-high 
pressure composite vessel design. Properties of the composite materials used for pressure 
vessels construction is the first topic investigated. A micro-mechanics approach is taken 
for the through-thickness direction in the wall.
Failure criteria and progressive damage of composites is the second topic. Schemes for 
stiffness reduction, or compliance increases, due to damage accumulation corresponding 
to different failure criterion will be proposed.
Finite Element Analysis (FEA) of ultra-high pressure composite vessels is the third topic. 
Detailed procedures and analyses based on different failure criteria are presented. Results 
from the FEA are discussed and compared with past experimental investigations.
Lastly, design issues arising from these FEA results will be reviewed.
1.3 Thesis organization
This thesis contains seven chapters, each dealing with a special topic. In the first chapter, 
the objectives of the research are outlined based on the need for developing better ultra- 
high pressure composite vessels.
In the second chapter, a literature review on recent developments in composite pressure 
vessels is presented. The subjects covered are composite material properties, failure
-5
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criteria, safety standards, finite element analysis and design optimization of composite 
pressure vessels.
The third chapter deals with the nonlinearity of material properties, especially in the 
through-thickness direction. This work is based on the micromechanics of composite 
materials. Constitutive equations for finite element analysis are provided.
In the fourth chapter, composite progressive damage is investigated. Stiffness reduction 
schemes with regard to different failure criteria are proposed for post first ply failure in a 
progressive finite element analysis.
In the fifth chapter, a nonlinear post first ply failure, progressive finite element analysis 
technique is examined. Subtopics are geometric modeling, material modeling, algorithm 
and procedures. Both the first ply failure and burst pressure can be predicted. A known 
stress distribution within the pressure vessel is the most important result for design 
optimization. Results based on different failure criteria are compared in order to rank 
their suitability for use in ultra-high pressure vessel designs.
In the sixth chapter, design optimizations on ultra-high pressure composite vessels are 
proposed.
In the last chapter, conclusions based on the conducted research are presented and 
recommendations for future work are suggested.
- 6
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CHAPTER 2 
LITERATURE REVIEW
2.1 Structure of composite pressure vessels
Cylindrical composite pressure vessels constitute a metallic intemal liner and a filament 
wound composite outer shell as shown in Fig. 2.1. The metal liner is necessary to prevent 
leaking, while some of the metal liners also provide strength to share the intemal pressure 
load. For ultra-high pressure composite vessels, most of the applied load is carried by the 




Fig. 2.1 Example of filament wound composite pressure vessels^^^l
Cylindrically shaped composite pressure vessels have strong domes which are thicker 
than the cylindrical part. Fibers from the cylindrical part follow the curved dome surface 
along a stable winding path called the geodesic line.
- 7 -
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2.2 Composite materials and their properties
Ultra-high pressure vessels should take full advantage of the extremely high tensile 
strength and high elastic modulus of the fibers from which they are made. Theories of 
laminated composite materials for evaluating these properties are relatively well 
established for modulus, and to a lesser extent for strength. Generally, there are two 
approaches to modeling composite material behaviours; 1) Micro-mechanics where 
interaction of constituent materials is examined in detail as part of the definition of the 
behaviour of the heterogeneous composite material; 2) Macro-mechanics where the 
material is assumed homogeneous and the effects of the constituents are detected only as 
averaged properties.
Several authorŝ "*'*̂  have reviewed the micro-mechanics of composite materials in the 
evaluation of in-plane-laminated elastic modulus, Poisson ratios, shear modulus, and 
strength. Many models exist which can be used to analyze the properties of unidirectional 
composite laminae; One dimensional model; square cylinder model; and circular cylinder 
model by Hashin. Researchers such as Puck, Schneider, Tsai, and Chamis have also 
presented their formulas in order to calculate the composite properties from the fiber and 
matrix constituents "̂*1 Some of these are based on experimental investigation of specified 
composite materials. There remain some concerns in their capability to predict the 
behavoiur of other fiber reinforced composites when different fibers and matrix are used.
- 8 -
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Rules of mixture based on a simple one-dimensional model are widely accepted by 
engineers because of their simplicity. Although somewhat crude, axial modulus 
predictions from this model match experimental data very well '̂ l̂
Hashin’s circular cylinder model (Fig. 2.2) is regarded as one of the most accurate in the 
evaluation of unidirectional (UD) composite material properties. UD composites are 
modeled as a statistical arrangement of elements, consisting of a cylindrical fiber 
embedded in a hollow matrix cylinder. The ratio of fiber area to matrix area correlates 
with the fiber volume fraction of the composite. This model can predict the transverse 
properties very well and is generally accepted for research on composite materials when 
3-D analysis is necessary. It is found that results of this model are rather complex.
Fig. 2.2 Hashin’s cylinder assemblage model'-'*̂
9 -
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. volum e ratio: <p = - o
Fig. 2.3 Hashin’s polygon fiber shape model̂ '*̂
Research on the nonlinearity o f composite material is seldom found because of the 
complexity and uncertain characteristics of the composite materials. One key theoretical 
study in the nonlinearity o f composite materials is presented in Stellbrink’s text̂ ’̂l  It 
presents Hashin’s nonlinear material behaviour based on a polygon shaped fiber model, 
shown in Fig. 2.3. It is noted that the volume ratio cp is approximately estimated and can 
be refined by a better expression presented in Chapter 3. The load transverse to fiber 
direction is shared between slices of matrix and composite elements. Hashin simply 
assumes that the matrix behaviour is taken to be elastic perfectly-plastic and that the fiber 
behaviour is linear-elastic. Elastic modulus parallel to fiber direction results in:
H(e-Sn,Y) (2 .1)
where;
El = Modulus parallel to fiber direction
Ef = Fiber modulus in the longitudinal direction
Em = Modulus of matrix
-  1 0 -
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(p = Volume fraction of fiber in the composite material 
Si = Strain of the composite in the fiber direction 
EmY -  Yield strain of the matrix
H{£^ - s^y) = s ^ - s ^Y  (when e /> SmY)', Heaviside function 
H{s^-e„y)=Q  (whene,< e^Y)
Transverse composite stiffness is also derived and shown as follows:
e . = e \ a ^ - h { ^ - s I * b ^c\
Em




A = l - ^
, 2  \
1 + 2(1-4
B = c ^
2 - c
2(1- c )
C = ( l - c X S
(2 .2)
£  = ' m Y
E2 = Strain of the composite in the transverse fiber direction 
c = Shape factor fractional constant shown in Fig. 2-3 
This model describes how fibers and matrix are grouped and responde to the stress field 
as a whole. The through-thickness compressive stress in an ultra-high pressure composite 
vessel is high enough to collapse matrix voids and may cause fiber yielding in the 
transverse direction. Nonlinearity of the fiber behaviour in the transverse direction should
- 1 1  -
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be taken into consideration. Hashin’s theory on the nonlinearity of composite materials is 
a useful clue towards obtaining an effective modulus in the through-thickness direction.
Stress-strain behaviour of laminates under compression along the thickness direction was 
experimentally investigated by Fahmy^^l He tested thick angle-ply laminates of Kevlar- 
49®/epoxy by compressing the samples along the thickness direction. Young’s modulus 
in this direction was found to increase as the angle between fibers in adjacent plies 
increased, as shown in Fig. 2-4.









+ / -  15
0,2 0,4 0,50,3
STRAIN
Fig. 2.4 Stress-strain diagrams of angle-ply Kevlar -epoxy laminates 
compressed along the thickness direction
It was found that the material responded nonlinearly to the applied stress. A composite 
test sample might undergo the following steps:
1. When the compressive stress is small, both the fibers and matrix deform 
elastically. The transverse deformation exists because of Poisson’s effect. The
-  1 2 -
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macro phenomenon is that the composite test sample is elastically 
compressed.
2. As the compressive stress increases, the matrix material is forced to flow in 
the transverse direction. The matrix is completely yielded but fibers still 
remain in an elastic state. The matrix must overcome the friction force 
between fibers and matrix in order to move towards the outside from the 
central area. This friction force puts the fibers into tension along the fiber 
direction while the matrix is in compression. A compressive hydrostatic 
pressure is built within the pool of matrix. Matrix cracking should not be able 
to take place before fiber breakage. This hydrostatic pressure makes the 
deformation of the composite test sample more complex. During this period, 
fibers can reorient toward the matrix flow direction. The macro phenomenon 
is that the elastic modulus of the composite decreases but compressive stress 
can continuously increase. However, the composite material in a thick-walled 
pressure vessel behaves differently. Effectively the wall is “infinite” in 
dimension as opposed to the test sample. There is no lateral pressure gradient 
causing the matrix to flow and reorient fibers. The only possible flow 
direction is in the through-thickness direction because there is a gradient in 
that direction.
3. As the hydrostatic pressure increases, compressive deformation of the 
composite material increasingly reflects the transverse fiber compression 
deformation only. Fiber tensile stresses continually increase. The elastic
- 13 -
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modulus returns back to the original elastic state, or greater as the matrix is 
squeezed out.
4. Once the tensile stress in the fibers reach their ultimate tensile strength, fibers 
break catastrophically, and the composite fails in an explosive manner.
It should be pointed out that Famhy’s stress strain curve is based on engineering stress 
and engineering strain. In fact, the material undergoes a large deformation. This stress 
strain curve therefore does not reflect the properties of the material precisely.
Few published results exist regarding the experimental determination of the nonlinear 
compressive collapse in the through-thickness direction which could aid in understanding 
the behaviour of ultra-high pressure composite vessels.
2.3 Failure criteria
In the last thirty years, failure criteria for composite materials have been studied and 
more than a dozen failure criteria have been proposed and widely employed. However, 
no criterion is universally accepted and the debate is on-going. Failure criteria determine 
the stress state at which failure of the composite material initiates. Thus, it is very 
important to implement the right failure criteria given the material and construction / 
lamination techniques employed.
Early failure criteria for composite materials were developed by methods similar to those 
used in isotropic materials. These include maximum stress criteria, maximum strain
- 14-
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criteria, Tsai-Hill criterion, Hoffman failure criterion and the Tsai-Wu tensor failure 
criterion. They can be classified into non-interactive failure criteria and polynomial 
failure criteria.
The simplest criteria are maximum stress criteria. The material is assumed failed when
= 1 ; —  = 1 (fortension) or = 1 ; —  = 1 (forcompression)
X t Yj- X q Y(̂
or 1̂2 = 1 (for shear stress) (2-3)
where, ai ,(72, t i2 are stresses in fiber direction, transverse direction, and in-plane shear 
mode respectively. X t (X c) ,  are the tensile (compressive) strengths in the fiber direction; 
Yt (Y c)  are tensile (compressive) strength in the transverse direction, S  is the shear 
strength.
The maximum strain failure criteria have expressions similar to the maximum stress 
failure criteria. That is
^1 1 . ^ 2  _  1 / f _________ \ _____ ^1 _  1 . ^2= 1 ; = 1 (fortension) or — — = 1 ; —̂  = 1 (forcompression)
Y,r x ^ ,  Y^
or Yi2 = 1 (for shear stress) (2-4)
where, ej, S2, yii are strain in fiber direction, transverse direction, and in-plane shear 
respectively. X^t (Xsc), are tensile (compressive) strain limits in the fiber direction; Y^t 
(7jc) are tensile (compressive) strain limits in the transverse direction, is the shear 
strain limit.
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These two failure criteria can distinguish fiber failure from matrix failure, which is 
desirable. Hart-Smith found that in some cases, the prediction of failure with the above 
failure criteria was not successful. He has extended these forms to arrive at truncated 
envelopes that encompass shear and biaxial loading^^l Discrepancies between 
experimental results and the prediction of the maximum criteria were also treated by 
Tsaî '*̂ , and lead to the development of an interactive polynomial failure criteria. The 
most familiar one is the Tsai-Wu failure criterion:
FiCTi 4- = 1 (2.5)
where, F, , Ftj are material eonstants that can be related to experimental data on ply 
failure by evaluating the preceding expression for various simple material property test 
conditions. It is found that
F  =  F  = - L
' F  F  "  Y  Y r  ®j ’ ^  Vjl 'p o
f '3 = 3 r + 3 T  (2-6)
where; -1  < /,2  ^  1; typically -0.5  is assumed.
This polynomial can be used directly to predict first ply failure. However, this criterion 
does not directly differentiate between fiber failure and matrix cracking. Tsai further 
assumed and interpreted that first ply failure corresponds to matrix failure and last ply 
failure corresponds to ultimate failure of the laminate'^^l Swanson also points out that the 
Tsai-Wu criterion is sensitive to the transverse stresses and overly conservative under 
conditions of multi-axial tensile stress. Progressive failure analysis requires the failure
16
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modes be distinguished without obscurity. In order to predict how composite fails, Hahn, 
Erikson and Tsaî **̂  ̂separated the preceding polynomial failure criterion into two parts: 
Fiber failure:
FjCr, +F,,cr,^ =1 (2.7a)
Matrix failure:
F2 + 7̂22 + 7̂6 4  = 1 (2.7b)
Similar criteria have been proposed by Hashin^tha t  clearly specify failure modes:
Fiber failure:
F;<7, + = 1 (2 .8a)
Matrix failure:
F2C72 + 7̂22 <72 + Fgr,̂2 = 1 (2 .8b)
In the 1990’s, new failure criteria have come into being with more meaningful 
consideration based on a higher level of analysis. Among them are Feng’s failure 
criteria^*^ ,̂ Cristensen’s failure cr i ter ia '^and others. They generally agree that separate 
formulas should be used for predicting fiber failure and matrix failure.
Feng’s failure criterion is based upon the strain invariants of finite elasticity and assumes 
that the material is transversely isotropic. Failure occurs when the internal energy reaches 
its maximum value and the system begins to release it by the way of different failure 
modes. Failure surfaces can be expressed in a form based on 5 invariants defined by 
Feng. Neglecting the interaction, he simply separates the polynomial criteria formulated 
in strain space into two parts constituting matrix mode failure and fiber mode failure:
- 17-
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Fiber dominated failure: 
Matrix dominated failure:
A^J 4 +  Â Ĵ ̂ +  v4j J 5  — 1
where;
33
^ 2  — [ ( ^ 1 1  ^ 2 2 )  ■ ^ ( ^ 2 2  ^ 3 3 )  ■*■ (^33 ^ t l )  ■*■ ^ 1 2  ^ 1 3  ^ 23 ]
o
J  —• ^ 4  * 1 2  ~  * 1 3




"A ” represent material properties that can be evaluate by six simple tests such as tensile, 
compressive and shear test.
On the other hand, Christensen’s failure criteria is presented in the form of closed failure 
surfaces in stress space. They are:
Fibre dominated criterion:
7 1  ̂ 2 (1 + <̂2)
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I‘2 = ^
A ,= ^ 1  (2.10c)2S
It is observed that both Feng’s and Christensen’s criteria include the effects of through- 
thickness stresses. They are fully 3 dimensional criteria. This doesn’t necessarily mean 
they are superior to accurately predict failure in composite materials but the potential 
exists. It is reported that matrix failure predictions with Christensen’s criteria are 
generally less conservative than the Tsai-Wu envelope but do not stray far from either 
maximum shear strain or maximum transverse strain predictions^'I
The concepts of physical based failure analysis was first proposed by Hashin^' 
Recently, Puck'̂ *'*̂  developed a new generation of failure criteria based on Hashin’s idea. 
In his research, phenomenological models are applied and placed on a solid physical 
basis. The outstanding characteristics of Puck’s failure criterion are:
• Realizing that the composite failure is of brittle nature, and using a fracture 
hypothesis similar to Coulomb-Mohr.
• Further dividing the matrix failure into three modes: Mode A, B and C, as 
shown in Fig. 2.5. Separate formulas are used for different failure modes.
• Fiber failure for tensile and compressive modes is distinguished by two 
separate expressions.
• The theory not only provides results for the stress levels which lead to crack 
initiation and fracture, but also indicates the direction of the cracks.
- 19-
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In Puck’s model, the 3-D stresses on a Unidirectional (UD) composite element are shown 
in Fig. 2.6. The (xi,X2,X3) coordinate system is fixed to the fibre direction (x/), laminate 
mid-surface (X2) and thickness direction (X3). The (xj , x„, xi) coordinate system is rotated 
by an angle Ojj, from the X2 direction to the x„ direction which is normal to the fracture 
plane. According to Mohr’s strength theory, the inter-fiber fracture is influenced only by 
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m l -  Mean stress magnification factor for fibers in the X2 direction due to the 
difference between transverse modulus of fiber and matrix modulus of the
matrix
0(2 = Poisson’s ratio of fibers
= Weakening factor due to the degrading influence of high stresses (7/
(T/d = Stress value for linear degradation of composite
R-Il ~ Fracture resistance in stress action plane due to transverse/transverse shear 
stress
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R^l = Fracture resistance in stress action plane due to transverse / parallel shear
stress
6 = Angle between the X2 axis and the x„ axis
= Angle o f the fracture plane




Mode C Mode B Mode A
Fig. 2.5 Three modes of matrix failure: Mode A, B,
I
9?,
Fig. 2.6 Three-dimensional stresses on a UD composite element'̂ *'*̂
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Kroll '̂^  ̂ implemented Puck’s failure criteria on analysis thick walled laminates made of 
Glass Fiber Reinforced Plastics (GFRP), and showed results consistent with experimental
ones.
Even though the new generations of failure criteria have advantages over the traditional 
criteria, engineers do not use them daily. More experimental verification and analysis 
must be carried out not only for the different cases of loading but also for different 
composite materials. As is pointed out by Liu and Tsaî *̂ :̂ failure criteria are purely 
empirical formulas that define a failure envelope by using a minimum number of test 
data.
The World Wide Failure Exercise^^^ ,̂ organized by Hinton et al. has compared the 
predictive capabilities of current failure theories for composite laminates judged against 
experimental evidence. Puck’s criteria and a modified Tsai-Wu criterion are considered 
to be the most outstanding at capturing the qualitative and quantitative characteristics of 
lamina and laminate behaviour.
It is important to implement the right failure criterion for the loading condition, 
geometry and material selected. By choosing different failure criterion within FEA 
analysis, comparisons between analyses of the same case in contrast with experimental 
data are the only way to verify the “correctness” of the chosen criterion for the situation 
in question.
23-
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2.4 Damage analysis and stiffness reduction
It is known that composite damage has several modes: Matrix cracking, delamination and 
fiber fracture. Pre-existing distributed matrix voids at the fiber scale start linking together 
at a strain slightly less than 0.1%^^’̂  This linking process is very rapid and continues over 
a limited strain range. Damage of fiber reinforced composites always initiates by the way 
of matrix cracking. Although matrix cracking is not a mode of catastrophic failure of the 
composite, it is the first failure of the composite and triggers the other modes of failure 
like delamination and fiber breaking. Matrix cracking also reduces the stiffness of 
composites by releasing the internal energy of the resins. In addition, matrix cracking 
opens up leakage paths and reduces the cyclic life of components. The failure of 
composites has been widely studied during the past two decades by several approaches 
which include experimental investigations, theoretical research, and finite element 
s imula t ions^^Researcher s  concerned with composite damage focus on three aspects: 
initiation and progression of damage, relation between crack density and strains, and 
relation between residual stiffness and crack density.
Dyer'-̂ ^̂  observed the initiation and development of tensile strain cracking in composites. 
He divided the crack progression into three stages: internal matrix cracking occurs in the 
transverse direction in resin-rich regions between fibers. The cracks do not extend into 
the interfacial region between layers at this stage. In the second stage, cracks have 
increased in number and length up to a Characteristic Damage State (CDS, first proposed 
by Highsmith and Reifsnider^^*^), which is determined by stacking sequence and material 
properties, after which only the lengths of the cracks increase. During the second stage, if
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the fiber is parallel to the tensile axis, matrix cracks meeting a fiber can propagate along 
the interface. This interfacial failure leads to delamination and splitting, the major cause 
of stiffness reduction during this stage. In the final stage, there is an increase in fiber 
failure as a result of longitudinal splitting, which is the key cause of stiffness reduction 
before rupture. Damage of the types seen in the first and second stages continues to 
accumulate. No new damage mechanisms are observed thereafter.
Sjogren^^*  ̂ has studied the transverse cracking behaviour of a series of cross-ply 
laminates with different matrices, fiber coatings and fiber volume fractions. Based on his 
studies, the crack density p (1/mm) and mechanical strain, e are linearly related:
p{s) = k^£ + m^ (2.12)
where, kg is the slope and rrie is the intersection of the line with the p-axis (unit: 1/mm). He 
further concluded that the strain at the onset of transverse cracking increases and the 
slope {ke) of the crack density as a function of strain decreases as G/c of the matrix is 
increased. These effects are favorable in pipes and pressure vessels where leakage is of 
concern and the use of matrix material exhibiting high Gic is advantages.
Berthelot^^^  ̂ on the other hand studied the relation between transverse cracking and 
applied average stress by a statistical approach. His results show that at low crack 
densities, the progression of transverse cracking is govemed by a strength distribution 
associated with weakened areas resulting from the presence of particular defects in 
laminates, while, at higher crack densities, the strength distribution in the 90° layer can be 
described by a pseudo-normal distribution associated vvdth the other defects.
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Hoover^^^  ̂ has presented the results of an experimental investigation into transverse 
cracking of symmetric and un-symmetric glass-fiber/epoxy-resin laminates. He observed 
that there are three stages to stiffiiess reduction:
• Stage 1: Pre-transverse cracking region
• Stage 2: Linear decrease region
• Stage 3: Final failure region
The first stage of the stiffness decrease occurs before the initiation of any transverse
cracks. He explains that transverse cracking, micro-debonding and residual strains lead to 
the stiffness reduction of the pre-transverse cracking region. In the second stages, a linear 
stiffness reduction region is observed over a great range of crack densities. The 
longitudinal stiffness reduction suggested is
£, = ( l - i / 7 K  (2-13)
where: p = Transverse crack density 
k = Constant of proportionality 
Large decreases in stiffness at a high crack density is the feature of stage 3, which is 
labeled as the final failure region. In this region stiffness decreases due to combined 
failure modes. However, results from others do not match the stage 2 linear relationship 
between stiffness and crack density.
In 1998, Sun and Taô ®̂̂  studied transverse matrix cracking and its effects on stiffness 
reduction by the FEA approach. They found that normalized crack density, which is 
defined as the number of cracks over a length equal to the thickness of the cracked layer, 
is a better parameter for characterizing crack damage. Effective stiffness of a cracked
26
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layer depends on normalized crack density rather than absolute crack density. Their FEA 
results were used to find the approximate effective transverse modulus and shear modulus 
of a cracked layer:
(2-14a)
(2-14b)
where, E2 and G u  are the effective transverse modulus and shear modulus of a cracked 
layer respectively. EP2 and 0 ^i2 are the initial transverse modulus and shear modulus, 
respectively. X,* is a normalized crack density, and ao and ue are coefficients to be 
determined by FEA. The problem with this model is that the relationship between 
normalized crack density and strain has not been proposed and the coefficients ao and ue 
are difficult to determine.
In 1996, Berthelot et al.̂ "̂*̂  presented a complete parabolic shear-lag theory to analyze the 
longitudinal stiffness reduction as a function of the crack density in cross-ply laminates. 
Their theory results in a longitudinal stiffness reduction:
■ F *1------------- (2-15a)







I = Half of the cracking space
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t = Thickness of laminate 
Since this result is based on a cross-ply-laminate it is doubtful that the model can be 
extended to any arbitrary laminate sequence.
The ideas of Duan and Yaô ^̂  ̂are special. They take the matrix as an anisotropic material 
after cracking and relate the moduli of the matrix with the damage parameter:






where, Dy is a damage parameter that is determined by experiment. Further, the stiffness 
degradation of a single damaged ply can be obtained by way of the mixture rule. 
However, the authors do not relate the damage parameter with the strains. Further 
research of this model should be conducted.
Perhaps the most sophisticated stiffness degradation scheme is the one proposed by Xu, 
which was successfully implemented by Rohrauer in his Super Pressure-Vessel 
Designer^'^ program. In this stiffness degradation scheme, the residual stiffness is related 
to the equivalent crack density Deq.
E  =  E °  ^22 ^22
2D
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where, ^eg
^cs
D = Crack density;
Dcs -  Saturated crack density;
Z>£ = Constant determined by experiment.
Xu also defined equivalent applied loading Seq which is a function of the transverse strain 
in the laminate. He found that equivalent crack density can be approximated by the 
integration of a corresponding Weibull distribution. Thus, stiffness reduction will respond 
to a transverse strain of the laminate. Detailed implementation of Xu’s scheme is 
provided in Chapter 4 along with its integration into failure criteria.
2.5 Review of finite element analysis on composite structures
The task of finite element analysis is to determine the mechanical behaviour of structures 
with applied load. The outputs include stress, strain and deformation, which would 
otherwise be impossible or difficult to achieve by closed form solution. Since the 
development o f computer technology, tasks once a challenge have been overcome. 
Progressive failure analysis of composite materials is one such example that takes 
advantage of powerful computers and advanced algorithms.
Linear analysis of composite material is common in everyday engineering because of the 
reliable results coming from the classical lamination theory of composite materials. This 
analysis can yield the first ply failure load and the elastic response of the structure. 
Calculating the loads and stresses in a composite specimen prior to such failure is not 
difficult. Even comparing those stresses to various failure criteria and determining the
- 2 9 -
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first ply failure is a relatively straight forward procedure. However, the load bearing 
capacity of the structure can be significantly greater than the load of Fist-Ply-Failure 
(FPF). As the applied load is increased from FPF loads, composite materials will respond 
differently. Several kinds of nonlinear behaviours will dominate the load-deformation 
process. Large deformations, material yielding, material failure (such as: fiber breaking, 
matrix cracking and delamination) are the main factors that determine the nonlinearity of 
composite materials. From an energy point of view, as the applied load increases, the 
intemal energy of a material increases up to maximum value, at which point, failure takes 
place to release some of this intemal energy by means of cracking. Discontinuities at 
composite failure points are developed. It is impossible to carry out the stress analysis of 
composite structures with a number of discontinuities. In the progressive failure analysis, 
the matrix cracking and fiber breakage is taken into account in an average sense. Reddy 
has s u g g e s t e d ^ “The altemative choice assumes that the damaged material can be 
replaced with an equivalent continuous material that is degraded to balance the energy 
released when “failed”. The properties of the damaged material are updated as the 
material degrades further. Stress analysis on discontinuous material with voids and 
cracking is converted into that of a continuum consisting of layers of dissimilar 
materials.”
Petit and Waddoups efforts might be the first attempt to model the failure behaviour of 
composite laminates by a progressive failure analysis. Classical laminate plate theory and 
an incremental loading procedure for failure analysis were used. Their analysis on the 
material’s yielding were based on an experimental investigation. Ultimate failure of a
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laminate is assumed to occur when the in-plane laminate stiffness matrix becomes 
singular or when a diagonal term of the stiffness matrix becomes negative. Later, Sandhu 
used the finite element method following the same approach and implemented a total 
strain energy failure criterion to detect the failure of materials. Degradation of materials 
is done by stiffness reductions’l l
TanS’®̂ proposed his progressive failure model to include the thermal residual stresses and 
hygroscopic stresses. Classical Laminated Plate Theory (CLPT) was used for stress 
analysis and the element stiffness property was taken as an average value at the Gauss 
points. In his paper, the Tsai-Wu failure criterion with an additional fiber failure criterion 
was used for failure prediction.
Interlaminar stress fields and the associated 3-D effects play an important role in the 
progression of failures when CLPT is used. Two approaches have been attempted to 
consider the effects of through-thickness stress effects: Formulations based on a 
generalized layerwise plate theory by Reddy^’^l and 3-D solid formulations.
Eason and Ochoa^’̂  ̂ developed a shear deformable shell element for ABAQUS® that 
implements Reddy’s General Laminated Plate Theory (GLPT) to take through-thickness 
stresses into consideration in the damage analysis of composite laminates. They have 
incorporated this kind of element with built-in progressive damage capability, into the 
commercial finite element, program ABAQUS® as a user element. The element’s ability
-31
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to capture a 3-D stress/strain state is displayed and used for incremental damage 
progression.
Most analyses use a stiffness reduction scheme in which, depending on the mode of 
failure selected, stiffness properties of the failed element are reduced to zero. Reddy^*’  ̂
proposed a new stiffness reduction scheme where unloading of the failed element is done 
gradually depending on the amount of damage it accumulates. It is pointed out that 
progressive reduction of certain transverse stiffnesses of the unidirectional ply as a result 
of increasing crack density and stiffness degradation by smearing of the cracks after 
crack initiation should be continuous instead of sudden^
Traditionally, composite pressure vessels were analyzed by finite element methods with 
the thin-shell assumption. Through-thickness stresses/strains couldn’t be taken into 
consideration with shell theory. On the other hand, the properties of composite materials 
are regarded to be linear elastic. Material through-thickness properties seemed not to 
affect behaviour of composite pressure vessels based on this simplification. Imagining 
that the intemal pressure of composite pressure vessels may reach above 200 MPa, will 
these assumptions still be valid? Analysis has shown that not only through-thickness 
stresses but also inter-laminate stresses and strains increase dramatically^'’ In fact, 
composites in the through-thickness direction are much weaker than in the longitudinal 
direction. Thus it appears necessary to consider material nonlinearity in the through- 
thickness direction for ultra-high pressure composite vessels. Several failure criteria also 
show that stresses in the thickness direction have some effects on the inter-laminate
32
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failure of composites. Thus 3-D progressive failure with nonlinear material behaviour 
becomes requisite for the in depth study of ultra-high pressure vessels.
FEA analyses by several authors have used failure criteria like Tsai-Wu, Maximum 
stress or strain or that of Hashin. New failure criteria have also been proposed, but FEA 
simulation implementing these new failure criteria like Puck’s and Christinsen’s have not 
yet been found for the analysis of composite materials, let alone ultra-high pressure 
vessels. It was felt that implementing these new criteria for the FEA simulation of ultra- 
high pressure composite vessels and comparing the different results might prove 
meaningful and helpful to designers.
2.6 Safety standards and design of composite pressure vessels.
Three types o f safety standards for the design of composite pressure vessels are found:
• Military standards: MIL-STD’s;
• Civilian standards: DOT;
• Vehicular fuel cylinder standards: ANSI/AGA NGV2;
The specifications of ANSI/AGA NGV2 give the maximum pressure and safety factor 
related to the fiber type, service life, proof pressure, and various design qualification tests 
which include pressure cyclic testing, environmental cyclic testing, burst tests, damage 
tolerance, fire, creep, gunfire, and gas permeation testing.
No safety standards relating to ultra-high pressure composite vessels have yet been 
defined. However, new proposed standards are more prescriptive in performance rather
-33 -
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than restrictive on design. This opens up possibilities for much higher pressure designs. 
The safety standards listed for low pressure can be used as a reference for design of ultra- 
high pressure composite vessels.
From the literature review, it was found that most of the design and analysis of composite 
pressure vessels are based on thin-walled vessels. As pointed out earlier, when the ratio 
of outside diameter to the inside diameter is larger than 1.1, the vessel should be 
considered thick-walled. Only a few researchers have considered the effect of wall 
thickness^^®'^^^
Grover̂ ^®̂  describes the design, fabrication and testing of a series of vessels using hybrid 
composite designs. 350 MPa burst pressure vessels were obtained by using a thin, 6061- 
T6 aluminum alloy liner with a imique stepped boss design. With the stepped boss 
behaving as a rigid body, it transfers load not only to the inner composite but to 
intermediate composite layers at each step interface. He concluded that a design 
consisting of interspersed helical and hoop windings must be used to obtain consistent 
burst pressures above 250 MPa. The problem in the design of the thick pressure vessel is 
the steep strain gradients through the wall with inner surface strains being quite high 
when compared with those at the outside. The material efficiency is lost because the outer 
material is not used as effectively as the inner material. An important parameter 
controlling the strain gradient is the radial stiffness of the composite. Radial stiffness is 
influenced by laminate void content, wind angle, and other defects induced during 
fabrication. Radial composite stiffness is a critical parameter and can be significantly
34
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affected by fabrication and design procedures. Grover̂ *̂̂  ̂ found that laminates with fibers 
oriented preferentially toward one planar axis will fail prematurely when subjected to 
radial stresses in the 200 MPa to 250 MPa range.
Martin̂ ^®̂  proposed optimal design of filament wound composite pressure vessels by 
searching for the best shape and winding parameters. The object of this optimization is 
weight savings. Martin’s optimization is completely based on membrane stress theory 
and the laminate theory.
Pamaŝ '̂*̂  discussed the design of fiber-reinforced composite pressure vessels under 
various loading conditions based on a linear elasticity solution of the thick-walled multi­
layered filament woimd cylindrical shell. A cylindrical shell having a number of sub­
layers, each of which is cylindrically orthotropic, is treated as in the state of plane strain. 
Internal pressure, axial force, body force due to rotation in addition to temperature and 
moisture variation throughout the body are considered. Pamas’s analyses result in several 
interesting conclusions: First, for composite pressure vessels with a ratio of outer to inner 
radius, up to 1.1, two different approaches give similar results in terms of the optimum 
winding angle and burst pressure. As the ratio increases, thick-walled analysis is 
required. Secondly, with the pure intemal pressure loading, the optimum winding angle 
for the thick-wall pressure vessel analysis is obtained as ranging between ±52.1° and 
±54.1° depending on the material type. However, Pamas didn’t consider the case of ultra- 
high intemal pressure loading in the analysis.
-35
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Roy et studied the design of thick multi-layered composite spherical pressure
vessels based on a 3-D linear elastic solution and presented their results in 1992. They 
foimd that the Tsai-Wu failure criterion is suitable for the strength analysis. One of the 
important discoveries of Roy’s research is that hybrid spheres made from two materials 
presented an opportunity to increase the burst pressure.
In 1995, Adali et. al.^^‘̂  gave another method on the optimization of multi-layered 
composite pressure vessels using an exact elasticity solution. A three dimensional theory 
for anisotropic thick composite cylinders subjected to axisymmetrical loading conditions 
was derived. The three dimensional interactive Tsai-Wu failure criterion was employed 
to predict the maximum burst pressure. The optimization of the pressure vessels shows 
that the stacking sequence can be employed effectively to maximum burst pressure. 
However, Adah’s results weren’t compared to experimental testing and the stiffness 
degradation wasn’t considered during analysis.
The research presented by Roy and Tsaî ^̂  ̂ is comprehensive and valuable. They 
employed the modified rule of mixtures to describe the elastic properties of composite 
materials. Material degradation begins from First-Ply-Failure (FPF), and burst pressure is 
determined by Last-Ply-Failure (LPF). The progressive failure criterion was used to 
justify where the composite has failed or not. Their contribution can be summarized as 
follows:
• Thin-walled solutions are limited to a maximum wall thickness ratio of 1.1 
and the thick-walled solution does not predict any significant increase in
- 3 6 -
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failure pressure with increasing wall dimension for thickness ratios larger than 
1.3.
• For thick-walled vessels, linear analytical studies on IM6/Epoxy and 
T300/Epoxy composite reveals that T300/Epoxy carried more intemal 
pressure than IM6/Epoxy even though IM6/Epoxy is longitudinally more than 
twice as strong as the T3 00/Epoxy.
• The cylinder’s pressure carrying capability can further be increased by 
considering hybrid constructions having 2 or more layers.
However, it is known that the work of Roy and Tsai is based on a linear elastic solution, 
and material yielding through the thickness was not considered.
2.7 Summary
Research on the design and analysis of ultra-high pressure composite vessels has yielded 
valuable conclusions. Four aspects of this work have been emphasized in the literature 
reviews: Composite material properties, composite material failure theories, finite 
element analysis on composite material stmctures, optimization on the design of ultra- 
high pressure composite vessels.
The literature reveals that:
• Nonlinear modeling of composite material properties is far from completed.
• Puck’s failure theory and Tsai-Wu’s failure theory are regarded to be two of 
better theories at predicting failure in composite materials.
37-
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• Material degradation of the composite after the failure is initiated is related to the 
crack density, and crack density is mainly a function of strain.
• Most of the finite element analyses of composite pressure vessels are based on 
elastic constitutive relations and traditional thin-walled laminated shell theory.
• Optimization of ultra-high pressure vessels is done by changing the parameters of 
the composite materials including filament winding angle, lamination sequence, 
material selection (through-thickness stiffness gradient) and via hybrid 
construction.
Analysis and design of ultra-high pressure vessels employing nonlinear properties 
through the thickness were not found in the literature. The present research focuses on:
• Nonlinear composite materials behaviour in through-thickness direction.
• Composite progressive failure accumulation and stiffness degradation.
• Finite element analysis of ultra-high pressure composite vessels with the 
integration of composite material nonlinearity and composite progressive 
failure to compute the stress and burst pressures of composite vessels.
• Comparison of different composite failure criteria for their capability to 
predict composite vessel bust pressures by implementing several composite 
failure criteria into Xu’s stiffness degradation scheme.
• Optimization of ultra-high pressure composite vessels.
- 3 8 -
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CHAPTER 3
MATERIAL PROPERTIES OF COMPOSITES_______
3.1 General
Linear elastic theories of fiber reinforced composites are developed and are widely used 
in engineering, while nonlinear theories of fiber reinforced composite are not. The 
nonlinearity of composite materials can be divided into three categories: Fiber or matrix 
material yielding or stiffening, material nonlinear failure characteristics like matrix 
cracking and fiber breaking, and geometrical nonlinearity associated with large 
deformations and contact. In reality, these three kinds of nonlinearities are coupled 
together, and make the problem very complex. Analysis based on coupled nonlinearities 
appears to be unrealistic. An alternative choice is to decouple these nonlinearities. In this 
chapter, the elastic constitutive equations and micromechanical behaviour of composites 
are presented. Nonlinearity of the composite material due to the original matrix material’s 
yielding or stiffening are discussed. Disregarding failure, composite materials are 
considered to be continuum solids without any imperfections.
3.2 Elastic constitutive equation
The constitutive equations for a general linear elastic solid relates the stress and strain 
tensors through the expression
^ i j ~ ^ i j k ! ^ k l  (3-1)
where; ay, Ski -  Stress tensor and strain tensor respectively 
Cyk! = The fourth order tensor of elastic constants
- 3 9 -
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Fiber reinforced composite materials are considered to have orthotropic elasticity because 
these materials possess three mutually perpendicular planes of elastic symmetry. 
Constitutive equation of orthotropic elasticity can be defined by giving nine individual 
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(3.5b)
It is obvious that elastic constants Dy*/ depend on the elastic modulus, shear modulus, 
and Poisson’s ratio. However, these material parameters are difficult to obtain by 
experimental investigation. The altemative choice is to evaluate these material 
parameters by a micromechanics approach.
3.3 Micromechanical behaviour of composites
Fiber reinforced composite materials (PRC) are built from fibers and a resin matrix. 
Mechanical properties of PRC materials not only depend on the properties of fibers and 
resin used but also depend on the organization and envelopment of fibers in the resin 
matrix. The interfacial bonding strength between fiber and resin is another factor that
-41 -
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affects the strength of the composite. Filament wound composite vessels may be regarded 
as an assembly of unidirectional PRC laminates. Thus, material properties of the 
unidirectional PRC are the focus of this work.
Currently, there are several models to describe and evaluate the properties of composites, 
as found from a literature review. The rule of mixtures based on a simple one­
dimensional model is the simplest. In terms of longitudinal modulus and in-plane 
Poisson’s ratio the results match the experimental data very well and are written as 
follows.
v,2 = ( p V f + { \ - ( p ) v „
where; (p = Fiber volume fraction
(3.6)
(3.7)
The most advanced theory to evaluate the transverse modulus of unidirectional laminates 
was derived by Hashin^^l The equations are complex, and some of the material constants 
are difficult to establish. Highly sophisticated mathematical models are not useful when if 
the required data are not available. When Chamis’s formula is compared with Kashin’s 
theory, it is found that the results are similar, though Chamis’s formula is very simple. 
Thus it is recommended to employ Chamis’s formula for transverse elastic modulus as 
followŝ "̂ ^
■̂22 ~ '
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where: EL = Fiber transversal elastic modulus2̂2
For similar reasons, the shear modulus proposed by Chamis is also recommended
«I2 = f  N (3.9)
i - f r W
V y
1 -
The in-plane Poisson’s ratio V21 can be derived by the reciprocity relationship
En
(3.10)
The out of plane shear modulus transverse to the fiber direction G23 is proposed by 
Hashin with upper and lower bound values. Tsai also presented equations (3.11, 3.12) for 
G23 which agrees quite well with Hashin’s upper bound and is relatively simple.
and
G {, G .
3 - 4 v . +  ° -
S = -------------^  (3.12)
4 ( l - v J
Equations (3.1) to (3.12) are based on the assumption that both fiber and resin deform 
elastically and there are no voids within the resin. In fact void content has a significant 
effect on mechanical properties and is not discussed here.
3.4 Nonlinearity of composite materials
Filament wound composite vessels with an internal pressure will deform in axial, hoop 
and radial directions. Axial and hoop deformations are regarded to be in-plane
- 4 3 -
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deformations. Due to the very high in-plane stiffness of Carbon Fiber Reinforced 
Composites (CFRC), in-plane deformation can be regarded as linear elastic. When the 
intemal pressure of a vessel is small, material yielding in the through-thickness direction 
does not happen and an elastic analysis on composite pressure vessels is accurate enough 
for engineering design. As the intemal pressure increases to a very high value, 
composites yield in the through-thickness direction while in-plane deformation can still 
be regarded as elastic. Material nonlinearity in the through-thickness direction is a 
problem that is captured in this chapter. Nonlinearity for the in-plane directions is not 
considered in this chapter. This latter topic is the subject of Chapter 4. However, the 
nonlinearity of in-plane shear deformations was investigated by Swanson and his results 
are included for analysis in Chapter 5.
In order to simplify the problem, the following assumptions are made:
• There are no voids within the composite.
• Resin is regarded to be an isotropic material.
• Tensile elastic modulus of the fiber is equal to its transverse elastic modulus.
• The shape of the fibers is assumed to be cylindrical and they all have the same 
diameter.
• Fibers are regularly arranged and constitute several layers. The distance 
between in-plane adjacent fiber tows is constant and controlled by a winding 
machine. The distance between adjacent fibers determines the fiber volume 
fraction (p.
- 4 4 -
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The unidirectional composite model is shown in Fig. 3.1, where C2 , ci represent fiber 
spacing between adjacent layers and in-plane adjacent fibers respectively, and d  
represents the diameter of the fibers. The fiber volume fraction can be calculated based 
on this model via the following formula.
Usually, (p is between 0.5 to 0.75 for filament wound composite pressure vessels.
(3-13)
Through-thickness direction
—  ^  W ' W ' W ^
R e s i n
F  i b e r
C2
w
Fig. 3.1 Model of unidirectional fiber reinforced composite
Taking one small imit of the model from Fig. 3.1 for analysis, the model is further 
simplified into a polygonal model by transforming it from a circular section into a cross 
section which is shown from Fig. 3.2 (a) to (b). To do the micromechanics analysis, the 
polygonal model (b) is changed into the shape shown in Fig.3.2(c), where the red area 
represents fiber and the balance is matrix. It is suggested that the shape factor cj take the
- 4 5 -
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value of 0.2 for the cylindrical fiber shape^^ :̂ = 0.2, where C3 is shown in Fig 3.2 (c).
Geometric compatibility can be obtained from the equivalence of fiber area fraction 
between the polygonal model and the cylindrical model.













Fig. 3.2 Simplified polygonal model of FRC
<P = (3.14)
+  C ] ) { d  +  C j )  { d  +  C \ ) { d  +  C2)  
where, a , ci , C2 are the geometric measurements o f the polygonal model. From Eq.





- 4 6 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
The polygonal model in Fig. 3.2 (c) is composed of three parts: Pure matrix slice, the first 
composite slice: coml, and the second composite slice: com2. The load in the through- 
thickness direction is shared by these three slices.
{d + c, )ct3 ={d + c ^ -  a)a^  + + (1 -  ̂ 3 (3.15)
Linear-elastic behaviour is assumed for fibers, and the matrix is considered to exhibit 
linear-elastic/perfectly-plastic characteristics. The transition to the perfectly plastic 
matrix state is an approximation used solely to make the computations more feasible. 
This transition was arbitrarily set to 5% strain. The transverse stress in the fiber is 
modeled as:
a { = E { s {  (3.16)
The horizontal stress in the matrix is
= 0-17)
where: called the Heaviside function:
^mY (when E3 > e„Y)
-  ■S'mr ) = 0 (when £3 < emv)
EmY -  Yielding strain of the matrix (5%).
In the through-thickness direction the modulus depends on the through-thickness strain 
and a constitutive equation can be expressed as follows:
<y^=E^£^ (3.18)
For composite slice-1, the constitutive equation is
ĉom\ ~ ĉomX̂ T, ~ ~ (3-19)
and it’s stiffness can be found by a rule of mixtures.
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Similarly, for composite slice-2, the constitutional equation can also be derived.
^coml ~ ^com2^3 ~ ^(^com2^2 ~ (3.22)






d  + c.
(3.24)
Substituting Eq. (3.17), (3.19), (3.22) into (3.15), 03 can be related to 83. The through- 
thickness modulus, which depends on the through-thickness strain, can be solved.
-^3  “ ■ ~  ^ c o m \^ c o m \ ^co m 2 ^c o m 2 (3.25a)
where;
 ̂ ^ d  + c , - a





k =ĉom\ c/ + c,
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Through-thickness deformations can be divided into three steps: (1) elastic deformation, 
(2) yielding and flowing of matrix, (3) deformation after adjacent fibers contact. Eq.
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(3.25a-d) are based on the assiimption that adjacent fiber layers do not contact. Thus they 
only represent through-thickness deformation of the first two steps.
A large enough hydrostatic gradient will force the matrix to flow in the radial direction. 
Contact between fibers is then possible. Here, it is assumed that contact is controlled by 
the through-thickness strain Ect, and only composite slice-2 has the opportunity to touch 
the adjacent fiber.
(3.26)
Cl "h C2  cl H“ C2  ^  f  2
Obviously, through-thickness stiffness will increase after adjacent fibers contact. 
Deformation in this step is completely controlled by the elastic deformation of the 
composite slices in the polygonal model (Fig.3.2). The through-thickness strain after fiber 
contact is:
+ c^a  ̂ {d+ c,){(y, -  E^s^y) { \-c ^ )a  ^7)
(1 -  C 3 )aEj2 d  + C2 <̂ f̂,2 d  + C2
A total through-thickness direction strain will be the summation of strain before fiber 
contacting and the strain increase after fiber contacting.
£•3 = Af + (3.28)
which is:
mY ^ d + C2 - a  ̂ a
\  d  + C2 d + C2 Ej-2 j
(3.29)
The through-thickness modulus at this step can be evaluated by the through-thickness 
stress and strain.
49




The polygonal model where fiber area is replaced by a notched square area in a unit 
element is one that appears suitable for theoretical studies on the nonlinearity of 
composites in the through-thickness direction. In actual composites, inter fiber spaces are 
statistically distributed. In order to simplify the model, in-plane fiber spacing and 
through-thickness fiber spaces are taken to be equal. That is, c/ = C2. The constant C3 is 
taken as 0.2. All geometrical parameters can be expressed as the function of fiber volume 
fraction <p and fiber diameter d  based on this case. From Eq. (3.14), fiber spacing c / , C2 
are solved.
- 2
Cl — Cj — ■d (3.31)
Cl, C2 should be greater than zero. Therefore, (p should be less than Tt/4. Substituting 03, a 
and 02 into Eq. (3.21)
1̂ =0.816SV^ (3.32)
Similarly, substituting a , 02 into Eq. (3.24), <p2 in composite slice-2 of the polygonal 
model is simplified to a the function of (p only.
cp^= l.0206j^  (3.33)
Eq. (3.25b) - (3.25d) are rewritten into simplified formulas respectively.
k„, = (l-1 .0206V ^'
f  \ ■
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= (0.204 iV ^)
= (0,8165^^)
1 - . ^ - ' m Y
\  ĉom\ 3̂
\ - H ' m Y
V ^ c o m 2  ^ 3  y
(3.35)
(3.36)
Strain at contact, Eq. (3.26), and strain after fiber contact, Eq. (3.29), are reduced to:
E,
=  (l - 1 . 0 2 0 6 7 ^ ) + 1 . 0 2 0 6 7 ^  - f - (3.37)
e, =1.05 m̂ mY
E{
1-1 .0206^^ 1 - Em̂ mY
£j2 y
(3.38)
Unfortunately, such composite nonlinearity due to matrix yielding has not been 
experimentally tested yet. The model presented here is not without limitations. However 
as the subject is complex, an initial model describing the compressibility phenomena in 
approximate terms is valuable for modeling the overall behaviour in an ultra-high 
pressure composite vessel.
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CHAPTER 4 
COMPOSITE FAILURE AND DEGRADATION
4.1 General
Composite failure and associated criteria have been reviewed in Chapter 2. Comparison 
of various composite failure criteria has found that Puck’s and Tsai-Wu’s criteria are two 
of the most favorable for predicting the behaviour of composites. Christensen’s failure 
criteria has some advantages over others; namely it is a fully 3-dimensional criterion. 
Stiffness degradation schemes have also been proposed by several authors and were 
reviewed. Among them, Xu’s stiffness degradation scheme seems to be the most 
theoretical and profound. Direct stiffness degradation schemes are simple and have been 
employed by several authors. In this chapter, integration of different failure criteria with 
Xu’s stiffness degradation scheme is discussed.
4.2 Degradation based on Puck’s failure criteria
Puck found that there are two types of failure in composite structures; Fiber Failure (FF) 
and Inter-Fiber Fracture (IFF). Fiber failure is subdivided into tensile failure mode and a 
compressive failure mode. Inter-fiber fracture is subdivided into:
Mode A: Matrix in-plane tensile failure;
Mode B: Matrix in-plane compressive failure;
Mode C: Matrix shear failure due to in-plane compression;
For the case of composite vessels with intemal pressure, in-plane compression will not 
happen. Therefore, only the fiber tensile failure mode and the matrix in-plane tensile
- 5 2 -
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failure are considered. The formulas for failure criteria presented in Chapter 2 are 
rewritten here for further implementation.








+ 1_ J xI s . . -^Pl\ c 0,2 ' I D (2-1Ic)
where, e/r = tensile failure strain of a unidirectional layer in the fiber direction 
0(2 = Poisson’s ratio of the fibers
= Mean stress magnification factor for the fibers in the X2 direction due to a 
difference between the transverse modulus of the fiber and modulus of the
and
matrix
S12 = In-plane shear strength of a unidirectional layer 
gid = Stress value for linear degradation
P4 of (o 2 , X21)  curve, CJ2 > 0
Puck has suggested the values of for both glass fiber and carbon fiber be taken as:
m ^ = 1 . 3  ( f o r  g l a s s  f i b e r )
=1.1 (for carbon fiber)
Eq. (2-1 Ic) is used to predict the matrix tensile fracture. But the weakening factor due to 
the degrading influence of high gj stress is also considered by introducing the
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term
*̂1D
on the right side of Eq. (2-1 Ic). Since fiber strength follows a statistical
distribution, single fibers already break under uni-axial tensile stress ai long before the 
fracture of many fibers leads to ultimate failure when X j  is reached. These preliminary 
single fiber breaks cause local damage in the vicinity of the breaks in the form of 
debonding of fiber and matrix and micro-cracks in the matrix. By this damage the 
fracture resistance of the composite to inter-fiber fracture is decreased. This is taken into 
account by equally decreasing all fracture resistances with a weakening factor as 
presented in Equation 4.1
(4.1)
^\D
From experimental investigations by Puck, degradation of the fracture resistance by a 
weakening factor fw can only be recognized when cr/ equals 70% of X t or more. Based on 
this observation. The fracture resistance weekening factor fw can be evaluated'^
0-1/w = 1 - — = 1 - (4.2)
where, « is an exponent factor. For a matrix with a relatively high fracture strain, 
whereas for matrices with a fairly low fracture strain, n=6.
is difficult to determine from the Puck’s failure criteria alone. In this project, the
parameter is approximated by using Tsai’s (02, X12) failure envelope. The matrix failure 
envelope of Tsai is expressed in Eq. (2.7b) and rewritten here.
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Differentiation of Eq. (2.7b) with crj yields the slope of the (02 Xn) envelope.
dr^2 _  -̂ 2 + (4.3)
From Eq. (2.7b) yields the shear failure stress at this condition is: 
1
‘■12 lo-,=0 (4.4)
Letting 02  = 0 and substituting Eq. (4.4) into Eq.(4.3), parameter is evaluated as
(4.5)





+ 1 _ I I .i Pl\ -
V
/
' 2 1  Jk Yt j
+ 7?x|| - i  
0|2 l . i x
(4.6)
T J
In this project, fiber tensile failure predicted by Eq. (2-1 la) is regarded to be catastrophic. 
Whenever the stress - strain status in any small area of a composite pressure vessel 
satisfies the failure criterion in Eq. (2-1 la), longitudinal modulus is reduced to only 1.1 
times the matrix elastic modulus. Before a composite pressure vessels fails, inter-fiber 
failure occurs causing composite material degradation. A safety factor concept is used to 
relate the stress - strain status with the stiffness degradation. Assuming a linear response 
of 02, X12:
£72 = RCT2
ri2 =i?x*2 and o 'i=o ',’ (4.7)
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where: cr*, crj, r ,*2 = Actual stress within the lamina;
R = Safety factor on matrix failure.
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(4.9)
The growth of transverse matrix cracks is related not only to the stress - strain state, but 
also to the distributive initial defects. Since strictly analytical models are deemed 
insufficient, probabilistic methods are employed instead by Xu in studies of stiffness 
degradation. Equivalent applied loading is defined and related to the applied strain. The 
equivalent crack density resulting is then related to the residual lamina stiffness by Eq. 
(2-17a).
'Cl r ’cs£ — fC F
eq
' C S K - E
(4.10)
where; Egq = Equivalent applied loading 
Eci = Strain at initial cracking 
8cs = Saturation crack strain
and
56
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CS a
V  — V^css ”  ^cis
Here, qs represents a structural parameter of the composite material. The “ci” and “cs” 
notation stands for crack initiation and crack saturation respectively. It is assumed that
structural effects are secondary and that the variation in the structural parameter is small
from initiation to saturation states. Thus,
K ,s s = K cjs=^ (4.11)
Eq. (4.10) is simplified;
£ =-£cl f k  ^  (4.12)
Crack initiation strain can be analyzed by fracture mechanics and shear-lag approaches. 
Xu used a shear-lag approach and determined the relationship between matrix crack 
initiation strain and the shear-lag parameter for cross-ply laminates to be
^  (4 13)
where;
to, tgo -  Lamina thicknesses
SgQ = Residual strain of the 90 degree plies in the applied load direction
Gfc ^  Intralaminar fracture toughness 
Shear-lag parameter X, is defined as
+-^22̂ 90) (4
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where, Us is the assumed shape index of the crack opening displacement, which varies 
among models due to different assumptions for longitudinal displacements.
Theoretical studies which lead to a practical evaluation of the crack saturation strain ecs 
have not been found to date. The crack saturation strains seem highly related to the 
matrix toughness and represent one of the properties related to the matrix/fiber 
combination. Assuming that crack saturation strain is m times of the crack initiation 
strain, where the composite material parameter m is different for various combinations of 
fiber and matrix; it can be evaluated approximately by the strain-microcrack density 
curve. This is attainable from experimental tests. It is suggested^’  ̂that 
m = 3 (for graphite fibers/epoxy) 
m = 5 (for glass fibers/epoxy)
m = 7 (for kevlar®/epoxy) (4.15)
Essentially this is based the observations that the saturation crack density is 
approximately coincident with fiber fracture.
Eq. (4.12) can be transformed into:
f
*cs





\^ C I J
(4.16)
-1
Assuming the safety factor R on matrix failure is:
i? = ^  (4.18)
£
Equivalent applied load Zeq can finally be evaluated as:
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A non-dimensional parameter called equivalent crack density Deq is defined to relate the 
equivalent applied loading to the stiffness degradation factor.
D (4-20)
cs
Experimental studies conducted by Xu found that equivalent crack density can be 
represented via a Weibull curve when it is plotted against the equivalent applied load. 
The 2 parameter Weibull curve is defined as:
eq (4.21)
where,/(£g^ is the Weibull distribution function. These curves differ for various materials 
and lay-ups. Equivalent crack density is the integration of Weibull distribution over the 
range (Seq, ^ ) .
Deq = r  f ^ ^ e q ) d £ , ^  (4-22)
Substituting Eq. (4.21) into Eq. (4.22), and integrating the right hand side, equivalent 
crack density Dgq is expressed explicitly a function of equivalent loading £eq .
D =e'eq (4.23)
Parameter a, reflect the material properties. Xu also presented the fitting parameters 
for different materials, as shown in Table 4.1.
- 5 9 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Table 4.1 Weibull fitting parameters for some materials
Material Lay-up a P
AS4/3502 [04/904]s 2.49 3.09
AS4/3501-6 I02/902]s 5.24 2.39
AS4/TA556 [02/902]s 6.33 2.17
AS4/TA696 [02/902]s 7.43 2.53
T300/QY8911 [02/F/904]s 1.06 1.17
S2/QY8911 [02/902/02/90]s 2.67 1.96
GL/EP [03/90]s 2.28 1.51
Note: “F” represents the film adhesive layer.
Finally, Xu derived the approximate solution to the damaged transverse modulus as
written in Eq. (2.17).
E22 = ^22 “  ^22
2D
1 r ^ t a n h
ln (D j V
(2.17)
kr is the equivalent residual lamina stiffness factor. A  is a material constant with 
probabilistic meaning, representing the total effect of distributive defects which are able 
to form matrix cracks. It should be a constant for laminates of the same material 
undergoing the same cure process. Experimental studies have shown that De is in the 
range (0.05, 0.15). For conservative estimates, A  can be taken as 0.15̂ "*̂ l Experiments 
indicate that the minimum residual lamina stiffness is still larger than 20 percent of it’s 
original stiffness when matrix crack density attains the saturation value Dcs-
Once the matrix tensile crack is detected by the failure criterion of Eq.(4.8) transverse 
modulus E22 is reduced using Xu’s approach, employing Eq.(4.9) (4.23) and (2.17). 
Modeling this process, there are material parameters that should be attained by an 
experimental curve fitting approach. Generally, these unconventional material parameters
-60
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are not available, making the analysis difficult if not impossible, unless approximations 
are made.
4.3 Degradation scheme based on Tsai-Wu’s failure criteria
Although comparisons of composite failure criteria are not the main topic of this project, 
it is worthwhile to present different analysis results by employing a variety of failure 
criteria. Puck’s failure theory and the Tsai-Wu failure theory are regarded to be two of 
the best in stress analyses of composite materials.
Procedures regarding the degradation scheme based on Tsai-Wu failure criteria are not 
very different from the one on Puck’s failure model except for the calculation of safety 
factors. In Tsai-Wu theory, the matrix failure criterion is separated from the polynomial 
failure criterion.
0-2 + ^22 + ^6 4  = 1 (2-7b)
Assuming a linear response in the treinsverse direction .
= Rcy; (4.24)
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Once the safety factor is available, the damaged transverse stiffness can be evaluated by 
the same procedures as discussed in Section 4.2.
4.4 Degradation scheme based on Christensen’s failure criteria
Christensen’s failure criteria is used by Rohrauer^'^ in his “Super Pressure-Vessel 
Designer” program. Analysis based on Christensen’s failure criteria is also included 
in this project for comparative purposes.
For a derivation of safety factor, Christensen’s matrix failure criterion is restated
CTiA:, (c722 + <̂ 33) + (l + )|̂ —(<722 ~ <̂33 ) “*■ 2̂3 A  (̂ 12 "*■ 3̂1 ) ~ 1̂ (2 .10b)
The safety factor R is evaluated by substituting Eq.(4.24) in to (2.10b).
R =




A = j3  ̂ + r ,7 )+ (l + 2a, (cr;2 -  crjj)+
B = â /ĉ  (a  22 + 0-22)
C = -A:,'
Once the safety factor is determined, the damaged transverse stiffness can be evaluated 
by the same procedures discussed in Section 4.2.
62
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 5
NONLINEAR FINITE ELEMENT ANALYSIS OF ULTRA- 
________HIGH PRESSURE COMPOSITE VESSEL_________
5.1 General
Solution of a boundary problem directly from the equilibrium equations is called a closed 
form solution. This is unattainable because of the nonlinear nature of the ultra-high 
pressure composite vessel. Alternatively, an approximate solution based on the virtual 
energy balance established from the equilibrium equations of the domain, with additional 
boundary conditions, is called a weak form solution. FEA analysis is actually a kind of 
weak form solution implemented on the boundary problem exercise. With the FEA 
approach, the domain is meshed into small units called elements. Latter displacement 
fields, expressed by the displacements of element nodes through the use of shape 
functions, are defined to reflect the modes of deformation within the element. Once the 
displacement fields are available the strain fields can be derived from them. Substituting 
the constitutive equations of the materials and virtual strains field into the integrated form 
of the energy balance equations, the equilibrium equations Eq. (5.1) in the form of nodal 
displacement space may be extracted.
W c /} = { f}  (5.1)
where; [K] = Stiffness matrix
{U} = Nodal displacement vector 
{F} = Nodal force vector 
By employing the boundary conditions, the nodal displacement space can be solved via 
the linear equation technique. Subsequent procedures are to evaluate the strain and stress.
- 6 3 -
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Accuracy of FEA techniques depends on several factors: Correct modeling of the design 
product, proper element type, element size, material modeling, and so on. Shear locking 
and hourglass control are two additional common numerical analysis problems that might 
be ignored by engineers.
For the case of ultra-high pressure vessels, successfully modeling the composite material 
is a crucial step leading to an accurate FEA solution. Nonlinear behaviour of composite 
materials due to yielding and accumulated damage is discussed in Chapters 3 and 4. In 
this chapter, the implementation of composite material nonlinearity into FEA is 
presented. Nonlinear analysis employing different failure criteria are processed and 
compared in order to find proper failure criteria for ultra-high pressure vessels. For the 
propose of comparison, linear analysis is also presented in this chapter. The model 
analyzed is derived from the series of Kevlar 49®/epoxy composite test vessels made by 
Guess^'^'l Results of FEA and experimental test results are compared to verify the 
correctness of the FEA analysis.
5.2 Nonlinear analysis procedure
Composite materials are regarded as orthotropic materials. Compared to the isotropic 
materials, the nonlinearity of composite materials is much more complex. To date, 
implementation of nonlinear FEA analysis on composite materials in commercial 
software has not yet been developed. Commercial FEA software ABAQUS® includes a 
module to solve the linear case for composite material, and it also employs some
-64
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traditional failure criteria to compute the failure of the composite. However, nonlinearity 
of the composite material due to material yielding and material damage is not available in 
the software. Fortunately, ABAQUS® provides many interfaces in the form of 
subroutines for the user to access the procedures, making this FEA tool more robust and 
powerful. USDFLD and UMAX are two of the subroutines that can be used as paths for 
the user to define complex material behaviours.
The procedure for the nonlinear FEA analysis of Composites is shown in Fig. 5.1. The
right hand side part within the dashed rectangle is processed by subroutine USDFLD.
The whole process is divided into several steps:
Step 1: Meshes of the domain are generated. The initial material modulus, 
boundary condition and initial stress strain field are given: 
o-y = 0; = 0 ; Po = 0;  ̂= 0
Step 2: Given the internal pressure increment, update total internal pressure:
Step 3: Calculate the elastic stiffness of composite materials: Dyki.
Step 4: Evaluate the displacements from equilibrium equations:
[ 4 . , { c ^ L = { 4 . ,
StepS: Calculate the strains and stress .
Step 6: Justify if the solution converges or not. If the solution converges, go to 
Step 7; otherwise, go to Step 8.
-65
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Start
Initial Condition and boundary condition: 
(7. = 0 ; = 0 ; Pq = = 0
Update loads: = /  ̂ + AP
Update elastic stiffness: Dyki
Calculate displacements: {f/},+, = {P}/+i
Calculate strain stress: ; {cr},+i
Solution convergent?











Fig. 5.1 Nonlinear FEA analysis of composite materials
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Step 7: The resulting strain , stress , and displacement {U}i+i
corresponding to this applied internal pressure are output for the previous 
increment, the program retums to Step 2 for next incremental pressure.
Step 8: Update the through-thickness elastic modulus and in-plane shear modulus 
E3 , Gi2.
Step 9: Evaluate matrix failure. If matrix fails, go to Step 11; otherwise, go to 
Step 3 directly.
Step 10: Update elastic modulus E22 and go to Step 3.
Step 11: Evaluate if fibers failure by employing fiber failure criteria. If fibers fail, 
go to Step 12; otherwise go to Step 2.
Stepl2: Update elastic modulus En, and go to Step 2.
Steps from 1 to 7 are accomplished by the ABAQUS® main procedure and Steps 8 to 12 
are carried out in the subroutine written by the author.
In ABAQUS®, material properties are defined by keyword *MATERIAL. A  name must be 
assigned to each material definition by using the NAME parameter on its option as 
follows:
^MATERIAL, NAME = material_name 
Material elastic modulus is defined by the keyword ^ELASTIC. It is required that within 
this command line, the type of the material and number of dependencies should be 
specified. There are several options for composite material in the choice of types: 
ENGINEERING CONSTANTS, LAMINA, ORTHOTHOPIC. Different types require
-67
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different input data. ENGINEERING CONSTANTS is the type that has been chosen for 
the input file for its simplicity and its 3D applicability.
Material properties can also be dependent on field variables like temperatures and user 
defined variables. In the input data line, the magnitudes of the elastic constant are 
specified first, following by the value of variables. The template of the input might be as 
follows:
^ELASTIC, TYPE = ENGINEERING CONSTANTS, DEPENDENCIES = 4 
E], E2, E3, V12, V]3, V23, Gi2, Gi3 
G23, T ,fi,f2,f3,f4
Where; T is represents the temperature
fi, f 2, f 3, f 4 represent four dependencies.
In this project, the composite material nonlinearity is input through the definitions of
three user defined variables //, f 2, f 3, f 4 by keyword *USER DEFINED FIELD option.
With this option, it is possible to modify the standard linear elastic material behaviour to
include the effects of damage or to change the behaviour of nonlinear materials. User
subroutine USDFLD can be applied to model nonlinear behaviour of composite




After a definition of the composite material, the material should be assigned to the 
elements. This is done by keyword *SOLID SECTION, which relates the materials to the 
specified elements or element sets. The template is as follows:
-68
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*SOLID SECTION, ELSET= element set name, ORIENTATION = orientation 
name, MATERIAL = material name
Here, the orientation name is defined by keyword * ORIENTATION to the specified fiber 
orientation within the solid elements. Detailed ABAQUS® keywords and their 
explanation and application are available in the ABAQUS® Keyword Manual
In this project, there are four field variables fi, f 2, fs, f 4 that are defined in USDFLD 
subroutine, where:
f i  = Field variable for fiber failure, when f i  = 1, fiber fails, otherwise, fiber 
doesn’t fail.
f 2 = Field variable for stiffness degradation due to matrix failure. When it reaches 
the value of one, crack density reaches saturated crack density Dos and
^22 = 0.2E°3 .
fs  = Field variable for through-thickness modulus. This modulus is changed 
between zero to fiber transverse elastic modulus E{j with variation of the 
applied internal pressure and the corresponding/j value will be from 0 to 1.
f 4 = Field variable for nonlinearity of the in-plane shear modulus Gn ■ When
f4=0, Gi2 = 0 ; when f4=l, 0 ,2  = •
Degradations of laminate Poisson’s ratio are done after fiber failure. These are degraded 
into the Poisson’s ratios of the matrix once the fiber fails. However, ABAQUS® requires 
that material elastic properties satisfy Eq. (3.4), (3.5a) and (3.5b) to maintain the stability
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of the composite material. Such verification is done in Excel® in order to satisfy these 
requirements. To simulate the nonlinearity of composites, the elastic properties are made 
linearly dependent on the four field variables. The dependence of the elastic material 
properties on the field variables is summarized in Table 5.1.
Table 5.1: Dependence of the elastic material properties on field variables
Field variable Elastic property
Line fi f2 h f4 Ei E2 E3 *Gi2
1 0 0 0 0 e : El 1.1 Em 0.01 Gl,
2 1 0 0 0 1 .1  Err, E l 1.1 Em 0.01 Gl^
3 0 1 0 0 0.2EI 1.1 Em 0.01 G°
4 1 1 0 0 1.1 Err, Q.2EI 1.1 Em 0.01 Gl,
5 0 0 1 0 El> El El 0.01 Gl^
6 1 0 1 0 1.1 Err, E l E l 0.01 Gl^
7 0 1 1 0 0.2EI El 0 .0 1 G“
8 1 1 1 0 1.1 Em 0.2EI El 0 . 0 1  G°
9 0 0 0 1 E^ El 1.1 Em
1 0 1 0 0 1 1.1 Em El 1.1 Em Gl2
1 1 0 1 0 1 0.2EI 1.1 Em GI2
1 2 1 1 0 1 1.1 Em 0.2EI 1.1 Em GI2
13 0 0 1 1 E^ El E l GI2
14 1 0 1 1 1.1 Em El El GI2
15 0 1 1 1 0.2E° El GI2
16 1 1 1 1 1.1 Em 0.2EI E l G“
* G2 is reduced to 1% o f initial value in failed state to maintain algorithm stability.
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Before writing the subroutine to modify the material elastic properties, the field variables 
fi, f 2, fs, f 4 must be defined. The first field variable / /  is:
/ , = 0  ( i f e , < l )
/, =1
where, ei is evaluated based on the fiber failure criteria defined below in Eqs.(5.2a-c). 





When fiber tensile failure is predicted by Tsai’s failure criterion,
g] = FiO-, +




For matrix failure, safety factor R is evaluated by Eq. (4.9). Only when the safety factor R 
is less than 1, is the transverse modulus E2 degraded. From Eq. (2.17), the equivalent 
residual lamina stiffness factor kr is written as:
2D
yfc, = 1  ^ ta n h (5.3)
where. K is within the range (0.2, 1).
The second field variable72 is defined as: 
/ ,  =1 .25x(l-A :,) (5.4)
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Through-thickness nonlinearity is expressed by Eq. (3.25a) before fiber contact and by 
Eq. (3.39) after fiber contact is assumed. Generally, the through-thickness elastic 
modulus can be defined as:
7/(cT„£,) 0
3 ~ rrO -̂ 3 (5.5)
The third field variable f j  is defined as:
[e I - e ^]
(5.6)
where, ?]{•) is E3 evaluated by Eq. (3.25a) when fiber is assumed to have no contact or 
by Eq. (3.39) when fiber contact is assumed. The value offs is also within the range (0,1).
Swanson investigated the nonlinearity of in-plane shear deformation by means of biaxial 
stress testing and found that shear modulus Gu  is changed with the shear deformation 
1G\2 —
1+ ^12̂ 12 
V y
'12 (5.7)
where: t* = ultimate shear strength 
The final field variable f 4 is defined as
/ , =  ^ (5.8)
1 +
V J
This variable is from 0 to 1, representing shear modulus Gn  change from 0 toG,“ . Small 
non-zero values of G n  are used in the case of/^r = 0 to maintain FEM code stability. 
Subroutine USDFLD and its documentation are enclosed in Appendix B for reference.
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5.3 Geometric Modeling
The composite pressure vessel analyzed in this chapter consists of a single material 
(Kevlar 49®) with six different wound angular layers. Table 5.2 shows the geometric 
construction of this sample. Thickness ratio is 1.51. Experimental investigation on this 
type of vessel found a burst pressure of about 400
Table 5.2: Geometric construction of one ultra-high pressure composite vessel







Thickness Ratio (b/a) 1.51
Composite Thickness (mm) 12.95
Fiber Volume Ratio 0.75
Experimental Burst Pressure (MPa) 400
The finite element analysis model takes one quarter of a cylindrical section because of 
biaxial symmetry. The axial length of this FEA model is 120 mm. The sections at both 
ends are constrained such that any point on this section has the same translation along the 
axis (longitudinal direction). FEA modeling of this test sample is presented in Fig. 5.2. 
There are 6 elements in the through-thickness direction of each ± angle layer. Thus, each 
element represents one filament wound ± angular layer. In the longitudinal direction, the 
length of this cylinder is meshed into 20 sections with equal length, and in the hoop
73
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direction, the number of elements is 10. In total, this cylinder is meshed into 1200 solid 
elements.
(a) (b)
Fig. 5.2 FEA modeling of a ultra-high pressure composite vessel.
Element Type: C3D20R
Fig. 5.3 Construction of a 3-D solid element of composite material
- 7 4 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
A 3-D solid element with reduced integration, called C3D20R in ABAQUS , is used to 
consider the through-thickness effects. The element section is constructed with several 
unidirectional composite laminas. Each lamina has one layer integration point. The 
through-thickness direction is actually in the direction of stacking of these solid elements. 
This construction is shown in Fig.5.3.
Cylinder axis
x’: Through-thickness
y: Hoop (circumferential) direction.
y’: Transverse direction.
z: Longitudinal (axial) direction
z’: Fiber direction
6 : Angle of rotation along x-axis
Fig. 5.4 Local coordinate system to specify the lamina directions
Materials in ultra-high pressure vessels may be regarded as orthortropic laminas. The 
direction of the composite laminas must be specified. A local cylindrical coordinate 
system is defined to specify the direction of composite laminas (Fig. 5.4).
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5.4 Linear elastic analysis
Linear analysis of ultra-high pressure composite vessel is relatively simple. Usually linear 
analysis is done before nonlinear analysis to check the correctness of the FEA model. 
Linear analysis can also predict a first-ply-failure pressure and a pseudo burst pressure. 
Information about the stress distribution and deformation field can be used for 
optimization.
In this project, 400 MPa internal pressure is applied to the FEA model as described in 
Section 5.3. The elastic properties used for Kevlar 49® are listed in Table
Table 5.3: Elastic properties of filament wound Kevlar® 49̂ *̂
Elastic Coefficients Strength
El (GPa) 87.1 ^ 7-(MPa) 1540
E2 (GPa) 5.72 Xc (MPa) -234
E3 (GPa) 5.72 Fr(MPa) 27
Vl2 0.341 Xc (MPa) -93
Vl3 0.341 Si2 (MPa) 47
V23 0.529 e/7-(MPa) 0.017
Gi2 (GPa) 2.14
G ,3  (GPa) 2.14
G23 (GPa) 1.87
Deformation contours in the radial direction are shown in Fig. 5.5. The maximum radial 
displacement value of 1.02 mm is located on the internal surface of the pressure vessel. 
There is only a 0.421 mm radial displacement on the outside surface of the vessel. This 
difference represents the material’s compressibility. The deformation decreases steadily 
from the internal surface to the outside surface. This implies that the winding angle of the
- 7 6 -
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fiber should be changed from the inside surface to outside surface in compensation, the 









Max = 1.02e+00 
Min = 4.21e-01
Fig. 5.5 Deformation in radial direction Ur (Unit: mm)
The fiber stress cTu in the local coordinates is shown in Fig. 5.6 and the variation o f stress 
in the through-thickness direction is presented in Fig. 5.7. Position r = 0 represents the 
internal surface, and position r  = 7 the outside surlace. Surprisingly, in this particular 
design, the maximum stress is located at the internal surface o f the fifth layer where the 
winding angle is ±75°. The internal surface o f the fourth layer where the winding angle is 
±60° also has a very high stress. Within each layer where the winding angle is constant, 
the stress decreases as it goes from the inner to outer surface, as expected.
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Max = 1.50e+03 
Min = 7.13e+02
Fig. 5.6 Transverse direction stress an  (MPa)





1 .  800 




Position in through-thickness direction r
Fig. 5.7 Variation of stress On in through-thickness direction
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M ax = 2.64e+01 
M in =-5.13e+01
Fig. 5.8 Stress in transverse fiber direction G22 (Unit: MPa)






Position in through-thickness direction r
Fig. 5.9 Variation of stress cr^^with respect to the through-thickness position
Stress in the transverse fiber direction 0 2 2  is shown in Fig. 5.8 and its variation in the 
through-thickness direction is presented in Fig. 5.9. Usually stress in the transverse fiber
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direction triggers the initiation of a progressive failure in the composite laminate. Results 
o f linear FEA indicate that the maximum transverse tensile fiber stress is at the outside 










M ax = 2.95e+00 
M in =-5.43e+01
Fig. 5.10 In-plane shear stress (Tu (Unit: MPa) 
In-plane shear stress a ^ 2





0.8 1.00.60.0 0.2 0 .4
Position in through-thickness direction r 
Fig. 5.11 Variation o f stress a  12 with respect to the through-thickness position.
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Fig. 5.12 Stress in through-thickness direction ffjs (Unit: MPa)
Through-thickness direction stress 0 3 3  














Position in through-thickness direction r
Fig. 5.13 Variation o f stress (T33 with respect to the through-thickness position 
Maximum values of both in-plane shear stress and through-thickness normal stress are at 
the inner surface of this composite vessel design. Very small values of the other stress 
components are identified from the linear FEA output. These are omitted.
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It should be noted that for the previous and ail subsequent analysis, stress variations 
presented are taken at the mid-length (central portion) of the vessel model where the end 
effect constraints have vanished. Real vessels of course have added complexity due to the 
influence of the dome region.
After the stress fields are available, the first ply failure pressure and pseudo burst 
pressure can be evaluated. Implementing the composite failure criteria, the safety factors 
of both fiber and matrix failure mode can be evaluated. Safety factors less than 1 imply 
that failure occurs. The location with smallest matrix safety factor in the through- 
thickness direction represents the radial position of the first ply failure. The first ply 
failure pressure is the product of this safety factor and the applied internal pressure. 
Matrix failure generally indicates the start of progressive failure and the internal pressure 
can still be increased until fiber failure occurs. Fiber failure is regarded as catastrophic. 
Once the fiber failure safety factor reaches 1 at any location, the pseudo burst pressure is 
reached. With any arbitrary internal pressure, the fiber failure safety factor in each 
through-thickness position is evaluated by implementing the failure criteria. Pseudo burst 
pressure is the product of minimum fiber failure safety factor and the applied internal 
pressure. Both the fiber failure safety factor and matrix failure safety factor of the 
composite vessel are computed by implementing three failure criteria: (a) Tsai’s; (b) 
Puck’s; and (c) Christensen’s failure criteria. The results are presented in Fig. 5.14. 
Observation and comparisons in Fig, 5.14 show that the safety factors found by 
implementing Tsai’s and Puck’s failure criteria yielded similar results, but the outcome
- 8 2 -
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2.5




























Fig. 5.14 Safety factor with: (a) Tsai failure criteria; (b) Puck’s failure criteria;
(c) Christensen’s failure criteria.
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from Christensen’s failure is quite different. Comparisons among these results are 
presented in Table 5.4.






































Burst pressures predictions using linear analysis with Tsai’s failure criteria and Puck’s 
failure criteria are comparable to the test burst pressure. However the burst pressure 
prediction with Christensen’s failure criteria has a larger error in comparison to the test 
burst pressure of 400 MPa.
5.5 Nonlinear analysis
In the following nonlinear analyses, material nonlinearity, composite failure, and 
geometric nonlinearity are considered. The theory of material nonlinearity is developed in 
Chapter 3 and nonlinearity due to composite failure is developed in Chapter 4. The theory 
of geometric nonlinearity due to the large deformations is not presented here. However, 
nonlinear analysis with ABAQUS® can integrate geometric nonlinearity very easily. The 
procedures of these analyses are presented in Section 5.2. The FEA model is described in
- 8 4 -
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Section 5.3. In this section, three nonlinear analyses are presented where the different 
composite failure criteria are integrated into the FEA simulation respectively. 
Comparisons o f the foregoing results, and between linear and nonlinear analyses, are also 
presented in this section. Before proceeding, the additional material properties of Kevar- 
49® needed are listed in Table 5.5. Some of which are abstracted from Rohrauer^'l






Elastic modulus of Matrix (GPa): 3.41 3.1
Shear Modulus of Matrix (GPa): Gm 1.39 1.15
Poisson’s Ratio of Matrix: v u 0.35 .35
Yielding Strain of Matrix: e 0.05 /
Longitudinal Elastic Modulus of Fiber (GPa): Ei 98.5 131
Transverse Elastic Modulus of Fiber (GPa): 15.2 7.65
Poisson’s Ratio of Fiber in longitudinal and 
transverse direction:
0.206 0.336
Mean stress magnification factor in Puck’s Failure 
Criteria:
1.3 /
Exponent Factor in Puck’s Failure Criteria: n 8 /
Weibull fitting parameter: a 2.28 2.28
Weibull fitting parameter: p 1.51 1.51
Fiber fraction in Composite: f 0.7 0.65
Material constant: 0.15 0.15
Composite microcracking parameter: m 7 7
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Subroutine USFLD (FIELD, STATEV, .....  , laccflg) was compiled and tested. It
integrates composite material nonlinearity and composite failure into the FEA simulation. 
This subroutine can also be regarded as a material database for nonlinear analysis of 
composite material where material nonlinearity and composite failure are considered. In 
this project only three kinds of composite material are implemented within this 
subroutine. However, the program can be expanded to other composite materials, once 





Fig. 5.15 Module structure of subroutine USDFLD
The input file used in the nonlinear FEA simulation model is presented in Appendix A. 
The source program USDFLD and its documentation is presented in Appendix B. With 
these two files, nonlinear analysis can be done. Observing the nonlinear simulations, it 
was found that the stress distribution along the through-thickness direction does not 
change significantly before fiber failure. Once the internal pressure reaches the burst 
pressure, the distribution of stresses change dramatically. However, it is not very 
significant to study stress distributions after a layer has completely failed. Stress
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distributions from linear analysis provide meaningful evidence for the optimization of 
composite vessels.
The most important result from nonlinear analysis is the resulting burst pressure of the 
composite vessel. Both Table 5.6 and Fig 5.16 shows the burst pressure with three 
composite failure criteria and their comparison to those derived from linear analysis and 
experimental investigation. It is found that:
•  With these three composite failure criteria, the burst pressures from nonlinear 
analyses are less than those from linear analyses.
• Puck’s failure criteria results in the largest burst pressures for both nonlinear and
linear analysis. On the contrary, Christensen’s failure criteria results in the
smallest burst pressures for both nonlinear and linear analysis.
• Compared to the experimental result, burst pressures from both linear and 
nonlinear analyses with Christensen’s failure criteria are much smaller. The error 
is 43.5% from nonlinear analysis, and 24.5% from linear analysis.
• Errors from both linear and nonlinear analysis with both Tsai and Puck’s failure 
criteria are small. Their errors are under 7%. Nonlinear analysis with Tsai’s 
failure criteria underestimates burst pressure.
• With Puck’s failure criteria, nonlinear analysis results in a burst pressure that is
closest to the experimental burst pressure and the apparent error is only 0.25%.
- 8 7 -
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Table 5.6: Comparison of burst pressure between linear and nonlinear analysis
























■  Non-linear analysis
■  Linear analysis
□  Experimental 
investigation
Tsai Puck Christensen
Fig. 5.16 Comparison of burst pressure between linear and nonlinear analysis
with different failure criteria.
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0.80 0.2 0.60.4 1
(c)
Through-thickness displacement (mm)
Fig. 5.17 Comparison of load path between linear and nonlinear analysis with: (a) Tsai’s; 
(b) Puck’s; (c) Christensen’s Failure Criteria.
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It should be noted that all failure models are sensitive to primary material data inputs. 
The accuracy of these inputs will greatly influence the outcome of any analysis and 
subsequent failure modeling; hence no absolute conclusions can be drawn.
It can be said that both Tsai and Puck’s failure criteria appear to be good method for 
nonlinear analysis of ultra-high pressure composite vessels. Christensen’s criteria, 
appears to be overly conservative.
In Fig. 5.17 comparisons of load paths using Tsai’s, Puck’s and Christensen’s failure 
criteria, for linear and nonlinear analysis are presented. Observation of these load curves 
indicates that:
• Composite vessels behave stiffer in a linear analysis model than in the nonlinear 
analysis model. Stiffness is decreasing due to several kinds of nonlinearity.
• With these three composite failure criteria, the nonlinear load paths deviate from 
linear at about 200 MPa internal pressure, indicating the approximate first ply 
failure intemal pressures.
• With Tsai and Puck’s failure criteria, load paths are quite similar. After the 
nonlinear load paths deviate from the straight path, the intemal pressure 
increases continuously. This reflects the progressive failure of the composite 
material as the intemal pressure increases. With Christensen’s failure criteria, 
once the nonlinear load path deviates from the straight line, the intemal pressure 
reaches the burst pressure. It is not clear whether the degradation modeling
- 9 0 -
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correctly captured the effect or if the load step was too large and brought about 
instability.
• The difference in nonlinear deformation between Tsai and Puck’s failure criteria 
are not obvious. At burst pressure, the inside radial displacement is about 1.2 
mm with Tsai failure criteria and 1.3 mm with Puck’s failure criteria. 
Christensen’s failure criteria, has a maximum radial displacement of only 0.58 
mm due to the low burst pressure.
If the material nonlinearity model and composite failure model truly describes the real 
composite material, nonlinear analysis is superior to linear analysis because it reflects the 
true nature of composite material deformation and composite failure. The present 
analyses have shown that nonlinear analysis with both Tsai’s and Puck’s failure criteria 
can result in burst pressures that are comparable to experimental investigations for ultra- 
high pressure vessels made of Kevlar 49® composite material. Nonlinear paths after fiber 
failure in any particular layer are not so meaningful because they might not correctly 
represent the true load path.
FEA analyses on the same composite pressure vessel were done without consideration of 
nonlinearity in the through-thickness direction developed in Chapter 3. Results show that 
there was no noticeable effect related to this factor on burst pressure with the 
implementation of these three failure criteria. With high intemal pressure, very little of 
the composite material yields because the normal stress in the through-thickness direction 
decreases quickly. Even though the material yields in the through-thickness direction, the 
in-plane strength of the composite material does not appear to decrease. This might be the
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reason why burst pressure doesn’t response to yielding of the composite in the through- 
thickness direction. Also Tsai’s and Puck’s criteria do not include through thickness 
stresses, only Christensen’s does. It is not known if the yielding in through-thickness 
direction will trigger the composite failure due to alterations in the overall stress 
distribution. Further theoretical studies and experimental investigation should be done.
The FEA simulation procedure is also verified with one of the test cases (Case 6) of 
World Wide Failure Exercise organized by Hinton etc This case concerns quasi­
isotropic (90°/±45°/0°)s AS4/3501-6 tubes subjected to biaxial stresses. Tests of biaxial 
tensile stress are collected and compared with results from the FEA analysis. Biaxial 
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Fig. 5-18: Final biaxial failure stresses for (90°/±45°/0°)s AS4/3501-6 laminate under
combined loading
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Comparisons of final biaxial failure stress between test investigations '̂*®  ̂ and FEA 
analyses (b/a =1.1) with Puck, Tsai-Wu and Christensen failure criteria are plotted in Fig. 
5.18. FEA results with Puck and Tsai-Wu failure criteria are better at predicting biaxial 
failure stress. Christensen’s failure criterion does not appear to correctly capture the 
biaxial failure behaviour of these quasi-isotropic composite tubes constructed of AS4- 
3501-6.
Quasi-isotropic (90°/±45°/0°)s lay-ups exhibit behaviour somewhat different from typical 
filament wound laminates. However Puck’s and Tsai’s failure envelopes do appear to 
capture the general behaviour of the average laminate better than most completing 
theories.
- 9 3 -
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CHAPTER 6
DESIGN OPTIMIZATION OF ULTRA-HIGH PRESSURE 
________________ COMPOSITE VESSELS__________________
6.1 General
In optimization, the design must be parameterized so that its alternatives can be studied 
by changing the values of these parameters. The objective in the design optimization of 
ultra-high pressure composite vessels is to maximize the composite material efficiency. 
Filament winding angle distribution from inner to outer surface and overall thickness of a 
composite vessel are important parameters that affects the efficiency. Their influence on 
burst pressure and the material use efficiency is discussed in this chapter. Puck’s failure 
criteria is employed for nonlinear analysis due to it’s excellent performance in failure and 
burst pressure predictions^^^^. Optimization of composite vessels with a single winding 
angle is discussed first, followed by the optimization of multi angular lay-up composite 
vessels.
6.2 Optimization of single winding angle composite vessels.
For the case of the single winding angle composite vessel, the parameters that change the 
burst pressure and material efficiency of composite pressure vessels reduce to total 
thickness and the winding angle. Optimization for this kind of composite vessel is 
relatively simple with the FEA approach. Ten groups of composite vessels with different 
thickness ratios ranging from 1.125 to 2.53 were designed for these studies. Within each 
the winding angle varies from ±20° to ±80°. The lay-ups considered along with design
94
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parameters and the corresponding FEA results of these composite vessels are listed in 
Table 6.1.



















b/a -  1125
Inner radius: 2 0 69 14-.-600 1 0 2 2 497
a = 25.4 30 90 ? t32§ 1416 763
(mm) 40 93 1386 892
Outer radius:
50 95 0.966 1281 1030
52.5 96 0.701 1245 1 0 2 0
b = 31.239 
(mm)
55 106 0.532 1338 1 1 2 2




60 73 0.136 871 761
70 53 - 584 487
80 42 - 461 295
b/a = 1.255
Inner radius: 2 0 132 15.260 1256 251
a = 25.4 30 163 7.240 1647 442
(mm) 40 180 0444 1649 662
Outer radius:
50 197 1.185 1546 907
52.5 223 0.983 1703 1075
b = 31.88 
(mm)
55 196 0.605 1417 949




60 172 0.257 1184 807
70 123 0.036 810 507
80 92 0 . 0 1 0 634 245
b/a = 1.383
Inner radius: 2 0 186 45400 1256 251
a = 25.4 30 208 6.278 1647 442
(mm) 40 236 2.044 1649 662
Outer radius: 
b = 35.12 
(mm)
50 290 1.770 1546 907
52.5 312 1.151 1703 1075
55 324 0.939 1417 949
57.5 296 0.548 1290 881
Thickness 60 289 0.457 1184 807
ratio: 70 193 0.126 810 507
b/a = 1.383 80 138 0.164 634 245
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Table 6.1 (Continued)




















Inner radius: 2 0 228 44A W 1537 -60
a = 25.4 30 242 1725 35
(mm) 40 274 2 .646 1766 242
Outer radius:
50 300 1 . 2 2 2 1674 503
55 312 0.737 1550 645













2 0 256 12.410 1550 -55
30 284 6 .064 1705 1 1 0
(mm) 40 311 2.606 1868 1 0 2
50 339 1.577 1939 473
Outer radius: 55 349 0.760 1624 489
b = 41.59 57.5 385 0.931 1819 729
(mm) 60 372 1.081 2197 819
62.5 329 0.434 1501 417
Thickness 65 336 0.414 1630 407
ratio: 
b/a = 1.638
70 308 0.355 1622 318
80 235 0.354 1330 79
b/a = 1.765
Inner radius: 
a = 25.4 
(mm)
2 0 302 13.440 1728 -188
30 326 6 .034 1917 43.5
40 319 2 .638 1812 172.7
50 346 1.138 1672 282.7
Outer radius: 55 352 0.732 1555 365
b = 44.83 57.5 380 0.672 1680 393




62.5 347 0.471 1516 315
65 350 0.458 1645 305
70 346 0.452 1723 244
80 272 0.402 1507 40
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2 0 321 1223Q 1670 -124
30 338 5.624 1863 -25
(mm) 40 324 2.224 1757 -44.9
50 350 1.080 1628 208
Outer radius: 55 379 0.842 1678 302
b = 48.07 57.5 376 0.655 1602 297
(mm) 60 383 0.596 1651 283
62.5 357 0.500 1528 241
Thickness 65 363 0.498 1678 232
ratio: 70 327 0.435 1593 159.2
b/a = 1.893 80 302 0.474 1622 -6.848
"b/a = 2 . 0 2 0
Inner radius* 2 0 328 10.710 1676 -257
a = 25.4 30 305 3.979 1711 - 2 1 0
(mm) 40 328 2.075 1742 -80.4
50 353 1.037 1596 155
Outer radius: 55 384 0.834 1670 237
b = 51.308 57.5 373 0.645 1555 230
(mm) 60 384 0.601 1615 218
62.5 405 0.650 1798 216
Thickness 65 376 0.532 1684 179
ratio: 70 348 0.476 1656 114
b/a = 2 . 0 2 0 80 295 0.469 1638 -1.7
b/a = 2.275
Inner radius: 
a = 25.4 
(mm)
2 0 340 9.004 1630 -277
30 320 3.564 1691 -228
40 335 4.374 1708 -118
50 357 0.977 1537 87
Outer radius: 55 380 0.807 1606 150
b = 57.79 57.5 371 0.634 1491 147




62.5 378 0.557 1545 114
65 388 0.585 1659 103
70 382 0.554 1701 56
80 315 0.466 1566 -42
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2 0 360 12:230 1670 -124
Inner radius: 30 332 5.624 1863 -25
a = 25.4 40 377 2.224 1757 -44.9
(mm) 50 393 1.080 1628 206
Outer radius: 55 374 0.842 1678 302
b = 64.26 57.5 370 0.655 1602 297
(mm) 60 378 0.596 1651 283
Thickness 62.5 381 0.500 1528 241
ratio: 65 389 0.498 1678 232
b/a = 2.53 70 369 0.435 1593 159.2
80 340 0.474 1622 -6.848
Note: 1. means that data was not recorded.
2. Composite vessels with winding angle less than ±40° have large radial displacement before 
reaching burst pressure, and are eliminated from consideration.
Plots of burst pressures against winding angles of each group are given in Fig. 6.1. FEA 
results show that the optimized winding angles over different thicknesses range from 
±52.5° to ±65°. There is a trend towards slightly higher burst pressures with increased 
winding angles at high thickness ratios. It can be noted that at low winding angles the 
inner radial displacement values are unrealistically large. This results from a scissoring 
action of the fibers (netting phenomena). Computationally, these results follow in part 
from the elastic-perfectly plastic matrix material sub-model (Chapter 3). Such 
approximations were made to promote numerical expediency. Fortunately such high 
strain conditions do not give rise to optimum solutions and thus can be eliminated. These 
results have been crossed out in Table 6.1. In retrospect, maximum strain limitations on
-98
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the order of 5% should have been imposed on shear also. Typical materials may have 
lower yielding strain limits, however one purpose was to explore the limiting behavior.
Within each group, maximum burst pressiues with optimized winding angle can be found 
in Table 6.2. A plot of optimized burst pressures against the thickness ratios are shown in 
Fig. 6.2. Burst pressure increases steadily as thickness ratio increases until it reaches 
approximately 1.35 in the case of Kevlar 49®. Further increments of thickness ratio don’t 
augment the burst pressure using a single winding angle. Roy and Tsai also reached 
similar conclusions on different composite materials such as T300, 1M6. Optimized 
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Fig. 6.1 Variation of burst pressure with the change of winding angle for different 
thickness ratios using Puck’s failure criteria
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With single winding angle composite vessels, the longitudinal fiber stress of the 
composite decreases from inside to outside. The difference in stress between the inner 
and outer layers increases as the thickness ratio augments. Obviously, composite vessels 
with small thickness ratios have high material efficiency, however their burst pressure is 
insufficient for certain applications. By contrast, thick composite vessels with single 
winding angle construction demonstrate low material efficiency. Normally, when the 
inner surface of the composite material reaches the failure criteria, stresses at the outer 
surface are very small. Once fiber failure begins at one location, it will propagate 
through the thickness without being arrested.
Table 6.2: Maximum burst pressures of single winding angle composites vessels for 
different thickness ratios
Thickness Optimum Winding Burst Pressure








2 . 0 2 62.5 405
2.28 65.0 388
2.53 65.0 389
Note: Inner radius = 25.4 mm
FEA results also show how the circumferential stiffness of the composite vessels can be 
changed by its winding angle. Fig. 6.3 gives the radial displacement corresponding to 
different winding angles at the burst pressure. Small winding angles result in large
-  100
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deformations in the radial direction. By contrast, large winding angles result in small 
radial deformations. This results because the winding angle affects the stiffness in the 
hoop direction. Smaller winding angles make the radial direction compliant, while larger 
winding angles induce stiffness. If the winding angles from the inner to outer surface are 
increasing, stiffness in the hoop direction increases also. This makes it possible for the 
composite layers to share intemal pressure more uniformly. It is a significant observation 










1.00 1.50 2.00 2.50
Thickness ratio
Fig. 6.2 Optimized burst pressure using single winding angle composite vessels against 
thickness ratio (b/a). Due to the large load step used, the burst pressure results 
obtained by FEA are not entirely stable.


















Winding angle (+/- °)
Fig. 6.3 Radial displacement of the inner surface plotted against winding angle at burst
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6.3 Design optimization of Kevlar 49® vessels using multi-angular lay-up 
construction
Multi-angular lay-up optimization is used to find a distribution function for the winding 
angle across the thickness. No theoretical solutions for thick multi-angular composite 
vessel construction are available. Optimization on such composite vessels can only be 
done by trial and error methods. In this section, some Kevlar 49®/epoxy composite vessel 
designs with different thickness ratios are chosen for optimization.
The first procedure used in the optimization was to construct a winding angle distribution 
equation through the thickness. From FEA of single winding angle composite vessels, it 
is known that a small winding angle allows the vessel to have larger deformations in the 
radial direction and that a large winding angle restricts the vessel from radial 
deformation. It is also foimd that in single winding angle composite vessels that 
longitudinal fiber stress of the composite decreases from the inner to outer surface. This 
implies that fiber stress along the thickness can be adjusted such that most of the material 
shares the intemal pressure load. Ideally, if the optimum winding angle distribution 
through the thickness is applied, the entire vessel will reach the failure criteria 
simultaneously. Larger winding angles outside and smaller winding angles inside appear 
to be beneficial in eliminating the difference in longitudinal fiber stress through the 
thickness. Assuming that the winding angle is changed continuously, its distribution 
equation along the thickness may be configured as:
o = s „ + ( « , - « „ ) r  (6.1)
where; do = Winding angle at inner surface
-  1 0 2 -
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6 1 = Winding angle at outer surface 
n = Parameter that changes the shape of the curvature 
^ = Dimensionless variable representing the through-thickness position; where 
the inner surface is at ^=0 and the outer surface is represented by <f=7.
The optimization of graded multi-angular construction composite vessels is required: 
Given the composite material and thickness ratio of the composite vessel, the task is to 
find {do, 6], n}, such that the intemal pressure capacity of this composite vessel is 
maximum.
Since a theoretical solution is not available for this problem, an approximate approach is 
used. The procedure is described in Fig. 6.4. There are three parameters in this 
optimization problem: Oq, 6j , n. Three sub-steps are required to solve it.
In the first sub-step, an initial value of 6q=20 ° 6i= 90° is given, FEA results can find an
n that yields the maximum burst pressure. In Fig. 6.5 winding angle schemes through the
thickness with differing n are plotted. In fact, n controls the curvature of the winding 
angle distribution curve across the thickness. Eight values from 0.5 to 3 were assumed 
and applied to design the Kevlar 49® pressure vessel. Using FEA, curves reflecting the 
relationship between burst pressure and parameter n are plotted in Fig. 6.6. Both small 
and large values of n yield low burst pressure. Interestingly, at the arbitrary thickness 
ratio of 1.51, the largest burst pressure can be obtained when parameter n is equal to 1.
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Sort: Find optimum {do°, 6 ° ,  n}
Rate n: Let 6i= 6°, n=nj
Average Angle: Let 0.5(9o + 9i)=0.5(9o’ + 9°), n=ni
Find n that yields maximum burst pressure, 
assumed that n=nj
Min angle: Find 9q that yields maximum hurst 
pressure, assumed that 9o=9q
Total angle change: Find 0.5( 9i - 9o) that 
yields maximum burst pressure.
Fig. 6.4 Approximated solution procedure for multi-angular 
composite vessel optimization
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n = 0 .5  —  -  - n = 0 .7 5  --------- n - 0 . 8 7 5
n = 1 .1 2 5  --------------n = 1 .2 5 -----------n = 2
•n=1
n = 3
Fig. 6.5 Winding angle through the thickness with different parameter 
n, assuming do = 20°, 6i = 90°.
The longitudinal stress distribution in the through-thickness direction at burst pressure 
using different values o f n are plotted in Fig. 6.7. With small n, the longitudinal stress is 
large on the inner surface and small on the outer surface. Conversely, with large n, for 
example n -3 , longitudinal stress on inner surface is small but larger on outer surface. 
The longitudinal fiber stress difference between the inner and outer surface for both small 
n and large n is apparent. Both of these cases result in lower material efficiency. From 
Fig. 6.7, one may conclude that when n is near 1, the longitudinal stress throughout the 
thickness is much more favorable for load bearing, and may result in a larger burst
-105-
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pressure. This implies that a linear ascendant winding angle distribution through the 
thickness may be the optimum winding scheme. The roughness of curves in Fig. 6.7 is 






2.5 31 20.5 1.5
Parameter n
Fig. 6.6 Optimization of parameter n, using do ~ 20°, Oj = 90°, thickness
ratio b/a = 1.51.
The second sub-step toward a solution is to find the optimum average value of the inner 
winding angle and outer winding angle 0.5(0o + Oi). By keeping parameter, Oj = 
90°, and changing Oq from 0° to 30°, the average winding angle is varied from 45° to 60°. 
Burst pressure against average winding angle is plotted in Fig. 6.8 and also listed in Table
6.3. At an average winding angle of approximately 55° the burst pressure reaches 
maximum.
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Fig. 6.7 Longitudinal fiber stress distribution at burst pressure for varying 
parameter n, assuming 9o = 20° 9j = 90°, thickness ratio b/a = 1.51.
Table 6.3: Optimization of average winding angle with thickness ratio b/a =1.51
eo (± ‘̂ 0 1 0 18 2 0 23 25 30
Average Winding Angle 45 50 54 55 56 58 60
Burst Pressure (MPa) 346 391 430 444 442 426 382
Note: Thickness ratio b/a = 1.5; 6i = 90°;n = 1
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Average winding angle: Q.5{0, + 6 2 )
Fig. 6.8 Burst pressure of different average winding angles, assuming 
n =1 , 6 1 = 90°, thickness ratio b/a = 1.51.
Longitudinal fiber stress distribution through the thickness with different average 
winding angles is plotted in Fig. 6.9. It is found that with smaller average winding angles 
the stress difference through the thickness is very large. In this case, when only some of 
the composite material reaches it’s failure criteria, most of the composite is still far from 
failure and hence it results in lower material usage efficiency.
By increasing the average winding angle, the inner surface’s longitudinal stress will 
become larger and outer surface longitudinal stress smaller, reducing the stress 
difference. It is perhaps surprising that the most favorable average winding angle is not 
the one where the stress difference is smallest. The curve in red (Fig. 6.9) for ±55° 
represents the longitudinal stress distribution through the thickness using an optimum
- 108
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average winding angle. Most of the material can reach a stress where tensile failure in 
the fiber occurs, only a small portion of the material will have low material efficiency. 
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Fig. 6.9 Longitudinal fiber stress distribution at burst pressure for varying average 
winding angle, assuming n = 1, 6i = 90°, thickness ratio b/a = 1.51.
The last parameter that will be optimized is total winding angle difference (Oi - 6 o). In 
fact, total winding angle difference controls the slope of Eq. (6.1). This parameter might 
be varied fi*om 0° to 70° when the average winding angle is 55°. Total winding angles
-109-
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difference in the range of 0° to 70° were studied in this project. When the total winding 
angle difference is equal to zero the composite vessel construction reduces to one with a 
single winding angle configuration. This was discussed in Section 6.2.
Table 6.4: Optimization results with total winding angle difference
Inner Winding Angle do ( °) 2 0 25 30 32.5 35 40 55
Outer Winding Angle Oi ( ° ) 90 85 80 77.5 75 70 55
Total Winding Angle 
Difference 0i-Bo ( ° ) 70 60 50 45 40 30 0
Burst Pressure (MPa) 444 451 461 447 420 383 312
Note: Average winding angle = 55°; b/a =1.51
TEA results investigating the effect of total winding angle difference are listed in Table
6.4. Burst pressure plotted against the total winding angle difference is shown in Fig. 
6.10. Burst pressure is seen to increase steadily with increases in total winding angle 
difference, while the total winding angle difference is under 50°. Further increments of 
total winding angle difference result in lower burst pressures. However, when total 
winding angle difference is larger than 50°, the burst pressure is not so sensitive to the 
variations. It was found that the optimum total winding angle difference is 50° for the 
case when the thickness ratio is 1.51.
Shown in Fig. 6.11 are the longitudinal stress distributions through the thickness at burst 
for several total winding angle differences, assuming n=l, average winding angle ±55°, 
thickness ratio of 1.51. Evidently, from Fig. 6.11, total winding angle difference is an 
important parameter affecting the through-thickness stress distribution. With a large total
-  1 1 0 -
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winding angle difference, longitudinal fiber stress increases dramatically and reaches its 
maximum value early. Thereafter it decreases very slowly towards the outer surface. The 
solid curve in blue (Fig. 6.11) represents the case where the total winding angle 
difference is 40°. This curve is almost flat, indicating that longitudinal stress throughout 







Total winding angle difference (0i-6o) (°)
Fig. 6.10 Burst pressure vs total winding angle difference (0i-6o), assuming n 
1, average winding angle = 55°, thickness ratio b/a = 1.51.
So far it has been found that the optimum total winding angle difference is 50°. The 
longitudinal stress distribution curve for this design is shown in Fig. 6.11 (red), where
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much of the composite material reaches its tensile strength. Again, it appears the 
maximum area under the curve governs optimum design.
1700
1600













0 0.2 0.4 0.6 0.8 1
Thickness position x
Winding angle difference = 70° 
■Winding angle difference = 50° 
■Winding angle difference = 3C°
•Winding angle difference = 6 C° 
•Winding angle difference = 4C°
Fig. 6.11 Longitudinal stress an  at burst pressure plotted against total winding angle 
difference, n = 1, average winding angle = 55°, thickness ratio b/a = 1.51.
The fiber failure safety factor distribution through the thickness reflects the composite 
material efficiency directly. Ideally a safety factor equal to unity throughout is the case of 
highest material usage efficiency. Fiber failure safety factors through the thickness for a
- 112 -
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Kevlar 49® composite pressure vessel with thickness ratio of 1.51 and optimized design 
is plotted in Fig. 6.12. Safety factors based on both Tsai’s failure and Puck’s failure 
criteria are evaluated. About 80% of the composite material throughout the thickness has 




0.0 0.2 0.4 0.6 0.8 1.0
Thickness position
Puck's failure criteria ■Tsai failure criteria
Fig. 6.12 Fiber failure safety factor at burst pressure with optimum design. Total 
winding angle difference = 50°, n = 1, average winding angle = 55°, 
thickness ratio b/a =1.51. The roughness of curves is due to the 
coarseness of the winding angle steps in the through-thickness direction.
The maximum safety factor is at the inner surface. Material usage efficiency of this 
quasi-optimized design is very high. Replacing the foregoing analysis with a new inner
113
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and outer winding angle (Oo= 30° 6i=80°), keeping the thickness ratio at 1.51, a new 
round of FEA runs were carried out. It was found that the optimum n is still unity.
More than 175 additional runs were processed in order to determine the variation of burst 
pressure with changes to the three design parameters: n , $o, 0i. Results are depicted in 
Fig. 6.13 to 6.17, representing five different average inner and outer winding angles from 
45° to 65°. Except for the last group, maximum burst pressure within each group is 
larger than 400 MPa. It becomes more obvious that an ascending winding pattern from 
inner to outer surface and large difference between inner and outer winding angles 
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Fig. 6.13 Variation o f burst pressure to changes of parameters n and winding angle
difference {9i -9o) ; 0.5{9o+9i)=45°
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Fig. 6.14 Variation of burst pressure to changes o f parameters n and winding angle
difference -6o) ; Q.5{0o+9i)^5O°
Burst Pressure















Fig. 6.15 Variation of burst pressure to changes o f parameters n and winding angle
difference {9i-9o) ; Q.5{9o+9i)=55°
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a t  0 .5 (6 i+ eo )= 6 0 °
(01-00)° ^
□  4 4 0 -4 8 0
■  4 0 0 -4 4 0  
i i  3 6 0 -4 0 0
■  3 2 0 -3 6 0
□  2 8 0 -3 2 0
□  2 4 0 -2 8 0
■  2 0 0 -2 4 0
■  1 6 0 -2 0 0
Fig. 6.16 Variation of burst pressure to changes of parameters n and winding angle
difference {9i-9o) ; 0.5{9o+9i)=60°
Burst Pressure
a t  0 .5 (0 ,-f8o)=65°
□ 4 4 C M 8 0
■  4 0 0 -4 4 0
■  3 6 0 -4 0 0
■  3 2 0 -3 6 0
□  2 8 0 -3 2 0
□  2 4 0 -2 8 0
■  2 0 0 -2 4 0
■  1 6 0 -2 0 0
(01-00)° '
Fig. 6.17 Variation o f burst pressure to changes of parameters n and winding angle
difference {9i-9o) 'Si.5{9o+9i)=65°
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However, with different average winding angles, the parameter n changes. Maximum 
burst pressures and corresponding parameter n are list in Table 6.5. It appears that n equal 
to unity can result in the maximum burst pressure if the proper inner and outer winding 
angle 0o, 9i are chosen. Selecting the average of these two winding angles to equal 55° 
seems to be the best choice, leading to maximum burst pressure.
Table 6.5: Winding pattern combinations leading to maximum burst pressure.
45° 50° 55° 60° 65°
Bo 10° 10° 30° 30° 40°
80° 90° 80° 90° 90°
n 0.5 0.75 1 1.25 1.5
Burst pressure (MPa) 446 435 461 407 365
Optimization was also performed on Kevlar 49® vessels with different thickness ratios 
ranging from 1.125 to 2.53. Burst pressures evaluated from FEA runs are listed in Table 
6.6. A comparison of burst pressures between quasi-optimized designs and a single 
winding angle design for different thickness ratios are given in Table 6.7. Fig. 6.18 plots 
the results of optimization. When the thickness ratio is less than 1.25, optimization of the 
winding scheme has little effect on increasing the burst pressure. However, as the 
thickness ratio is made larger, optimization of the winding scheme can significantly 
increase the burst pressure.
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In Fig. 6.18, it can be seen that burst pressure is not a linear function of the thickness 
ratio. When the thickness becomes very large, the material efficiency becomes relatively 
low. With the optimization procedure developed, even small thickness ratio vessels can 
achieve a higher material efficiency. Comparison of the safety factor throughout the 
thickness in Fig. 6.19 supports this observation. With small thickness ratios, the safety 
factor is approximately unity throughout. By contrast, with large thickness ratios, the 
curve for safety factor throughout the thickness deviates somewhat more away from 
unity. However, the thickness ratio necessary in a composite vessel is determined by the 
material available and the pressure carrying requirement. Composite pressure vessels 
made from higher strength materials can achieve larger internal pressures with smaller 
thickness ratios and thus retain high material efficiency. The key drawback is that cost is 
very elevated for these high strength materials.
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2 27.5 90.0 121
3 30.0 90.0 118
4 32.5 85.0 114




7 20.0 90.0 247
8 22.5 90.0 247
9 25.0 90.0 249
10 27.5 90.0 238
11 30.0 90.0 236
12 30.0 85.0 249




15 17.5 90.0 594
16 20.0 90.0 597
17 22.5 90.0 591
18 25.0 85.0 595




21 17.5 90.0 720
22 20.0 90.0 714
23 22.5 85.0 736
24 27.5 80.0 691




27 15.0 90.0 806
28 17.5 90.0 825
29 22.5 85.0 795




32 25.0 90.0 733
33 30.0 80.0 737
34 10.0 90.0 806
35 15.0 90.0 888
36 17.5 90.0 882
37 20.0 85.0 898
38 25.0 80.0 845
39 17.5 87.5 899
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Table 6.7 Burst pressure comparison of graded winding angle design and single
winding angle vessels with different thickness ratios
Thickness Ratio (b/a) 1.125 1.255 1.51 1.765 2 . 0 2 2.275 2.53
Burst Pressure (MPa) 1 2 1 250 461 612 738 831 899
Single Winding Angle 
Burst Pressure (MPa) 103 223
314 380 405 388 389
Optimum Inner 
Winding Angle ( " ) 27.5 27.5 30.0 22.5 2 0 . 0 2 0 . 0 17.5
Optimum Outer 
Winding Angle ( “ ) 90.0 87.5 80.0 87.5 87.5 87.5 87.5
Average Winding 








^  300 






Optimum Burst Pressure |
Single Winding Angle Burst Pressure*
Fig. 6.18 Graded winding angle burst pressure vs. single winding 
angle burst pressure at different thickness ratios.
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6  Thickness ratio = 1.125
- -  Thickness ratio = 1.255
5
“ Thickness ratio = 1.510
Thickness ratio = 1.7654Urn
(0u.
Thickness ratio = 2.020
3   Thickness ratio = 2.275
a Thickness ratio = 2.530(0(/) 2
1
0
0.4 0.80.0 0.2 0.6 1.0
Thickness Position
Fig. 6.19 Through-thickness fiber failure safety factor for graded winding angle 
designs using Puck’s failure criteria at different thickness ratios.
6.4 Optimization of T300-5208 composite pressure vessels using multi-angular lay­
up construction
Carbon fiber reinforced composite (CFRC) materials were until recently absent fi'om civil 
applications. Only military, aerospace or the sporting goods industries could justify their 
cost. Today with a steady decline in cost, this is no longer true. Excellent mechanical 
properties such as high stiffiiess and strength and the low density o f CFRC are attractive 
to engineers. Composite pressure vessels made fi*om CFRC material have very high 
pressure carrying capacity. These have largely superceded earlier Kevlar-49® based 
designs both fi-om a cost and performance standpoint. Design optimization on composite 
pressure vessels made firom CFRC is thus important for today’s eomposite pressure 
vessel industry.
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Optimization as described in Section 6.3 can be performed on vessels made from CFRC 
materials. It should be noted that section 6.3 designs were based on Kevlar-49® simply 
for the reason that a body of published experimental data exists on such thick walled 
designs, hence allowing comparisons to theoretical predictions. There are many CFRC 
materials commercially available. Some mechanical properties are documented in 
Appendix A. In this project, only pressure vessels with different thickness ratios made 
from 1300-5208 are analyzed and optimized. Details of the procedures have been 
introduced in Section 6.3. Only results pertaining to their optimization are presented in 
this section.
Burst pressure comparisons of graded winding angle designs and single winding angle 
construction are presented in Table 6.8 and Fig. 6.20 respectively. As with the previous 
study, the effect of optimization is obvious for thick walls. At a thickness ratio of 2.5, 
such a vessel could theoretically carry pressures as high as 750 MPa. Only 400 MPa 
pressure could be carried by an equivalent vessel using a single winding angle. It should 
be noted that practical considerations would limit thickness ratios to the range 1.25-1.5.
Optimization on thin composite pressure vessels does not result with a big increase in 
pressure carrying capacity. However, within the thickness ratio range of 1.26 -  1.51, 
representing the practical range of eonstruction for thiek walled composites vessels, a 
14% to 38.5% increment of burst pressure is obtained through optimization techniques.
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Table 6.8: Burst pressure comparisons between graded winding design and single


















1.13 27.5 + 62.5^ 115 126 9.6%
1.26 27.5 + 60^ 2 0 0 228 14.0%
1.51 30 + 50^ 388 280 38.6%
1.77 22.5 + 65^ 524 334 56.9%
2 . 0 2 20 + 67.5^ 625 338 84.6%
2.28 20 + 67.5^ 681 339 100.9%
2.53 17.5 + 70^ 757 384 97.1%
Note: ^ represents position in t re thickness direction; winding angle = ±55°.
Comparison of the safety factor through the thickness at burst pressure, between optimum 
designs and single winding angle (-i-/-55°) designs using T300-5208 material, are 
presented in Fig. 6.21. Optimization on composite pressure vessels can reduce the safety 
factor to near unity throughout, thus significantly increasing the material usage efficiency 
(See Fig. 6.21(b)). On thin composite pressure vessels single winding angle construction 
also results in a near uniform small safety factor throughout the thickness, provided this 
angle is near ±55°. Optimization on such vessels shows a much reduced effect on 
improving the safety factor distribution through the thickness (See Fig. 6.21 (a)). Pressure 
vessels with a thickness ratio larger than 1.5 are not practical to construct and totally 
uneconomical, thus they are not discussed further.
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1.0 1.5 2.0 2.5
Thickness ratio
Optimum Design - • -S in g le  Winding Angle
Fig. 6.20 Burst pressure comparison between graded winding angle design and 
single winding angle using T300-5208 at different thickness ratios.
In Fig. 6.22 a comparison of safety factors through the thickness with optimum design, at 
thickness ratios which are of practical concern are presented. As the thickness ratio 
increases average safety factor also increases, lowering the material efficiency. If the 
thickness ratio is under 1.5, the safety factor throughout will remain under 1.2.
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T h ic k n e s s  ratio  b /a  = 1 .1 2 5
0.0 0.2 0.4 0.6 0.8 1.0
Thickness position
•Optimum design 
Single winding angle design
(a)
Thickness ratio = 1.51
3 .0
^  2.0 -
0.0
0.0 0.6 0.8 1.00.2 0 .4
Thickness ratio
Optimum design 
•Single winding angle design
(b)
Fig. 6.21 Comparison of safety factor through the thickness at burst pressure between 
optimum design and single winding angle (+/-55°) design of T3 00-5208 
pressure vessels where: (a) thickness ratio b/a = 1.125; (b) thickness ratio b/a 
= 1.51.
-125 -









1.00.0 0.2 0.4 0.6 0.8
--------b/a = 1 125
- - - b/a = 1 255
1 51
Thickness Position
Fig. 6.22 Comparison of safety factor through the thickness at burst pressure 
with graded winding designs using different thickness ratios.
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CHAPTER 7 
SUMMARY, CONTRIBUTIONS AND 
RECOMMENDATIONS
7.1 Summary
This thesis is subdivided into two major parts: Nonlinear stress analysis of ultra-high 
pressure composite vessels was covered in Chapter 3 to 5, and the design optimization of 
ultra-high pressure composite vessels was presented in Chapter 6.
The nonlinear behaviour of a composite pressure vessel includes material nonlinearity, 
specifically composite failures like matrix cracking, fiber breaking and delamination. 
Material nonlinearity in the through-thickness direction was studied first. In this work, it 
is assumed that the matrix is isotropic and behaves as a perfectly elastic-plastic material. 
It is also assumed that voids within the composite have no effect on the mechanical 
properties. The composite’s behaviour is separated into two steps: Before fiber-fiber 
contact and after fiber-fiber contact. Based on micromechanics studies, nonlinear 
constitutive equations in the through-thickness direction are established.
Composite material failure has been extensively studied by many. The thesis also focuses 
on the failure analysis of ultra-high pressure composite vessels by implementing recently 
developed composite material failure criteria such as Puck’s, Christensen’s and updates 
to the traditional Tsai-Wu envelopes. This is carried out in conjunction with Xu’s 
progressive stiffness degradation model.
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Considering material nonlinearity and the composite’s progressive failure, stress analysis 
on ultra-high pressure composite vessels becomes very complex. In this work, a finite 
element analysis approach is employed. It is significant to integrate the material 
nonlinearity and composite failure models into a finite element analysis geared towards 
the design of ultra-high pressure composite vessels. Both linear FEA and nonlinear FEA 
analysis on one Kevlar 49®/epoxy composite pressure vessel for which experimental data 
is available was carried out. Comparisons of these results have shovm that nonlinear FEA 
analysis is a powerful tool for prediction of the burst pressure when coupled with an 
appropriate failure criteria.
Nonlinear FEA analyses using Tsai-Wu’s. Puck’s, and Christensen’s failure criteria are 
performed on this same Kevlar49®/epoxy composite pressure vessel. It is found that both 
Puck’s failure criteria and the Tsai-Wu failure criteria are good at predicting the 
behaviour of such composite pressure vessels. Christensen’s failure criteria did not reflect 
the same accuracy for the burst pressure predictions.
Before the design optimization of composite pressure vessels could be studied further, the 
behaviour of single winding angle composite vessels made from Kevlar49®/epoxy were 
investigated. Based on the FEA results of composite pressure vessels with different 
thickness ratios ranging from 1.125 to 2.51, and different winding angles in the range of 
±20° to ±80°, the following were shown;
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1. The magnitude of the winding angle can significantly change the circumferential 
stiffness, small winding angles result in small circumferential stiffness and large 
winding angle results in large circumferential stiffness.
2. Longitudinal stress of the composite material decreases from inner surface to 
outer surface in a single winding angle composite pressure vessel. This 
phenomenon is most notable for thick vessels.
3. The optimum winding angle in a single winding angle composite vessel is about 
±55°, but still varies somewhat with the thickness ratio.
4. When the thickness ratio is larger than 1.5, further increases do not result in 
significantly higher burst pressures with single winding angle constructions.
It has been shown that graded winding angle construction techniques can significantly 
enhance the burst pressure of composite vessels. A contribution of this research is that an 
effective optimization approach is proposed in Chapter 6 and implemented on pressure 
vessels made from Kevlar49®/epoxy and T300/epoxy composite materials. With an 
optimized design, the burst pressure of a thin composite pressure vessel is not changed 
dramatically but there is still a measurable increase of about 10%. As the thickness ratios 
increase, the beneficial effect of this type of construction becomes very evident. In 
theory, burst pressure can continuously increase with the thickness, even after the 
thickness ratio is larger than 1.5. However, practical limits to construction and economic 
considerations would curtail building vessels of such proportions.
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Material efficiency of composite pressure vessels is studied through the examination of 
fiber failure safety factors in the through-thickness direction. With the implementation of 
optimization techniques, the safety factor of graded winding angle constructions can be 
near uniform through the thickness, resulting in an approximately linear increases of 
burst pressure with wall thickness. Composite pressure vessel safety factors at burst 
pressure can almost be reduced to unity through the thickness. This means the material 
strength utilization efficiency becomes very high.
7.2 Contributions
The main contributions of this thesis are as follows:
1. Based on micromechanics studies, nonlinear constitutive equations in the through- 
thickness direction are established.
2. Progressive failure analysis of ultra-high pressure composite vessels by 
implementing recently developed composite material failure criteria such as 
Puck’s, Christensen’s and updates to the traditional Tsai-Wu envelopes are 
proposed. This is carried out in conjunction with Xu’s progressive stiffness 
degradation model.
3. Geared towards the design of ultra-high pressure composite vessels, finite element 
analyses with the integration of the material nonlinearity and composite 
progressive failure models are realized on the ABAQUS® platform
4. An effective optimization approach with finite element method is proposed and 
successfully implemented on ultra-high pressure composite vessels made from 
Kavlar/49/epoxy and T300-5208 composite materials respectively. It is found that
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the graded winding angle constructions can result in an approximate linear 
increase of burst pressure with wall thickness.
7.3 Future work and recommendations
Nonlinear stress analysis and design optimization on ultra-high pressure composite 
vessels is a vast topic. There are still many issues awaiting future investigation.
In this work, only intemal pressure is studied. Other loads such as impact, variation in 
temperature, extemal pressure and their combinations are possible. Stress analysis with 
consideration of these loads is necessary from a safety perspective. Fatigue analysis is 
also extremely important, since typically 15,000 -  20,000 cycles are the involved in 
qualification tests requisite for commercial service approvals. The topic of liner materials 
and associated behaviour was not broached.
Voids within the composite have an effect on material properties. Modeling including 
voids should be considered. However, it is quite a theoretical challenge. An FEA 
approach wdth appropriate sub-models could again be employed for this propose.
The analytical models in this research did not include dome ends. With a dome, stress 
distributions are far more complicated and their inclusion would have used up much 
computing time while obscuring fundamental studies. At some point however, a more 
complete model of the vessel geometry is required for true design work.
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Only three composite failure criteria are implemented and compared. It may to be 
meaningful to implement other failure criteria found in the literature. However none have 
conclusively been shown good imder all circumstances.
Defects generated during the fabrication of filament wound composite vessels will 
significantly reduce the strength of the vessels. Stress analysis considering this factor is 
another real challenge.
Effective experimental investigation of through-thickness nonlinear behaviour in ultra- 
high pressure composite vessels has yet to be done. Scant information exists from an 
experimental basis to verify the models being created. The nonlinear constitutive 
equations of a composite material presented in Chapter 3 are still waiting verification.
Burst pressures on graded winding angle designs have not yet been experimentally 
verified. With such high pressure, experimental investigation is very difficult. Further 
modeling and study still needs to be done before the much more costly experimental 
work on such ultra-high pressure designs is warranted. An energy balance still needs to 
be studied to understand the progressive failure of composites, and eventually improve on 
the nonlinear FEA technique.
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APPENDIX A: COMPOSITE MATERIAL PROPERTIESt ^




Eii (GPa) 4 5 55 87.1 4 0 107 124 138 .6
Vl2 0 .2 6 5 0 .2 8 0.341 0 .3 2 0 .3 4 0.31 0 .3 1 3
G i2 (GPa) 4.61 6 .2 6 2 .1 4 1.1 2 .2 4 .8 6 .0 5
E22 (GPa) 13 .9 4 18.81 5 .72 2 .7 6 .2 9 .4 11.1
V23 0 .3 3 5 0 .3 3 7 0 .5 2 9 0 .4 2 0 .5 5 8 0 .5 5 0 .5 4 3
G23 (GPa) 5 .2 2 7 .0 4 1.87 0 .9 5 1.99 3 .03 3 .6




Em (GPa) 3 .6 4 5 .0 5 3 .75 3 .4 3 .4 3 .6 4 .4




Xt (MPa) 1020 1620 1540 1070 1450 1234 1587
Xc (MPa) 6 2 0 96 0 2 3 4 91 2 6 0 1234 1447
Yt (MPa) 4 0 6 0 27 8 27 72 .9 51 .7
Yc (MPa) 140 140 93 4 4 110 2 5 8 206





4)(%) 60 60 66 50 60 6 7 .2 66
E, (GPa) 7 2 .5 88 .3 130 7 6 .5 9 176.1 182 .8 2 0 7 .7
V| 0 .2 2 0 .2 4 3 0 .3 3 6 0 .2 8 0 .3 3 4 0 .2 9 4 0 .2 9 8
Gt (GPa) 2 9 .7 3 35 .5 2.71 0 .9 6 3 .3 5 15 .4 5 23 .8 6
Et (GPa) 7 2 .5 5 8 8 .2 7 6 .7 3 1.9 8 .8 5 15 .93 18 .79
V, 0 .2 2 0 .2 4 3 0 .5 4 2 0 .3 5 0 .6 2 7 0 .6 6 4 0 .6 4 9
Gt (GPa) 2 9 .7 3 35 .5 2 .1 8 0 .7 2 .7 2 4 .7 9 5 .7
Kt (GPa) 5 3 .0 9 69.11 7 .5 3 1.48 12 .24 2 4 .8 3 28 .0 4




E11 (GPa) 140 .9 127 .9 144 .8 180 182 .2 189 .4 173
V12 0 .3 2 5 0 .331 0.31 0 .2 8 0 .2 5 0 .25 0 .2 9
Gi2 (GPa) 4 .8 5 3 .94 4 .8 7 .1 7 4 .4 8 4 .4 8 5.52
E22 (GPa) 9 .1 7 7 .9 5 9 .6 10 .3 8 .9 6 8 .9 6 7 .5 8
V23 0 .4 6 0 .4 8 7 0,461 0.451 0 .3 7 8 0 .38 0 .4 2 6
G23 (GPa) 3.1 2 .6 7 3 .2 9 3 .5 5 3 .2 5 3 .22 2 .6 6




Em (GPa) 3 .8 4 4 .2 3 .8 3 .4 3 .8 4 .5




Xt (MPa) 1347 1590 1932 1500 2 8 7 5 36 1 4 2 8 2 0
Xc (MPa) 1181 1284 1656 1500 1896 2 3 7 9 1613
Yt (MPa) 4 7 .6 4 5 60 4 0 37 .9 74 75
Yc (MPa) 199 .3 20 0 2 0 0 2 4 6 138 128 200





<!)(%) 6 2 55 62 70 66 66 58
E, (GPa) 2 2 4 .9 2 2 9 .3 231 2 5 5 .5 2 7 4 .3 2 8 5 295
V, 0 .3 1 2 0 .3 1 9 0 .2 8 9 0 .2 5 5 0 .2 0 6 0 .2 0 5 0 .2 4 9
Gt (GPa) 2 3 .5 8 15.4 16 .06 6 8 .5 5 15 .5 6 12 .04 4 2 .4 5
Et(GPa) 16 .2 6 13 .48 15 .99 16 .47 15.2 13 .77 10 .12
V, 0 .5 1 4 0 .5 0 2 0 .4 5 8 0 .4 4 9 0 .291 0 .2 9 0 .3 4 4
Gt (GPa) 5 .3 7 4 .4 9 5 .49 5 .6 8 5 .89 5 .3 4 3 .76
Kt (GPa) 17 .2 4 13 .88 15 .07 15 .18 10 .7 9 9 .7 5 7 .76
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(Continued)




Eii (GPa) 193 2 0 4 2 7 4 4 9 7
V12 0 .2 7 0 .271 0 .2 7 0.31
Gi2 (GPa) 4 .1 3 5 .7 5 3 .5 8 5 .6
E22 (GPa) 6 .9 6 17 .9 6 6.21 5 .3
V23 0 .4 0 .3 7 5 0 .4 1 6 0 .4 5 8
G23 (GPa) 2 .4 8 6 .5 3 2 .1 9 1.82




E„ (GPa) 3 .8 5 .3 4 3 .2 3 .8




Xt (MPa) 1240 1260 9 6 6 1242
Xc (MPa) 937 2 5 0 0 150 2 9 0
Yt (MPa) 37 .9 61 33 18
Yc (MPa) 200 202 150 150





«!>(%) 62 50 52 6 2
E, (GPa) 3 0 8 .9 4 0 2 .6 5 2 3 .9 7 9 9 .3
V | 0 .2 2 5 0.21 0 .2 0 3 0 .2 8 6
Gt (GPa) 12 .19 1 6 6 .3 6 69 .51 7 9 .0 5
Et(GPa) 9 .3 9 4 0 2 .6 10.6 5 .9 8
V t 0 .3 0 8 0.21 0 .2 9 4 0 .4 0 6
Gt (GPa) 3 .5 9 1 6 6 .3 6 4.1 2 .1 3
Kt (GPa) 6 .8 2 2 8 6 .8 4 7 .5 2 5 .0 5
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APPENDIX B: INPUT FILE FOR FEA MODEL
*HEADING
Ultra-high pressure vessel, linear analysis ELEMENT_TYPE:C3D20R 









999, 0, 0,0 
99, 0,0,120 
*NODE








2002, 26.67, 0, 0
2, 0, 26.67, 0
*NGEN, LINE=C, NSET=B_2 
2,2002,100,999 
*NODE
2003, 27.94, 0, 0
3, 0 ,27.94, 0
*NGEN, LINE=C, NSET=B_3 
3,2003, 100,999 
*NODE
* *  X y  z
2004, 28.829, 0, 0




2005, 29.718, 0, 0




2006, 30.607, 0, 0




2007, 31.496, 0, 0
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2008, 32.385, 0, 0




2009, 33.274, 0, 0




2010, 34.163, 0, 0




2011, 35.052, 0, 0




2012, 36.703, 0, 0




2013, 38.354, 0, 0









*NCOPY, CHANGE NUMBER=400000, OLD SET=BOT_NSET, SHIFT, NEW SET=TOP_NSET 
0 . 0 , 0 . 0 , 120 
0 . 0 ,
*NFILL, NSET=NALL 
BOT_NSET, TOP_NSET, 40, 10000
*  *
*TRANSFORM, TYPE=C, NSET=NALL 
0 , 0 , 0 , 0 , 0 , 1 . 0  
*EQUATION 
2
2 , 3 , -1 , 1 , 3 , 1
2
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402013 
* *
- 1 4 0 0 0 0 1




























**end of nodes definitation









1, 1, 201, 203, 3,
20101,20202,20103,20002,
*ELGEN, ELSET=LAYER_1





2, 3, 203, 205, 5,
20103,20204,20105,20004,
*ELGEN, ELSET=LAYER_2 












3, 5, 205, 207, 7, 20005,20205,20207,20007, 105,206,107,6,
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20105,20206,20107,20006, 10005,10205,10207,10007
*ELGEN, ELSET=LAYER_3






4, 7, 207, 209, 9, 20007,20207,20209,20009, 107,208,109,8,
20107,20208,20109,20008, 10007,10207,10209,10009
*ELGEN, ELSET=LAYER_4





5, 9, 209, 211, 11, 20009,20209,20211,20011, 109,210,111,10,
20109,20210,20111,20010, 10009,10209,10211,10011
*ELGEN, ELSET=LAYER_5





6, 11, 211, 213, 13, 20011,20211,20213,20013, 111,212,113,12,
20111,20212,20113,20012, 10011,10211,10213,10013
*ELGEN, ELSET=LAYER_6
6 , 2 0 , 2 0 0 0 0 , 1 0 0 , 1 0 , 2 0 0 , 1 0 , 1 , 1 , 1 
★ ★
★ ★




































****SOLID SECTION DEFINITION BEGIN**********
★ 'k
*ORIENTATION, NAME=CYL_ORIENT, SYSTEM=CYLINDRICAL, DEFINITION-NODES 
999, 99 
1 , 0
*SOLID SECTION, ELSET=LAYER_1, COMPOSITE, STACK DIRECTI0N=2, 
ORIENTATION=CYL ORIENT
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
0.127, 1, KEV4 9, 22
0.127, 1, KEV4 9, -22
*SOLID SECTION, ELSE'-
ORIENTATION=CYL ORIEt
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
0.127, 1, KEV4 9, 33
0.127, 1, KEV4 9, -33
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*SOLID SECTION, 
ORIENTATION=CYL
ELSET=LAYER_3, COMPOSITE, STACK DIRECTI0N=2, 
ORIENT
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
0.127, 1, KEV4 9, 42
0.127, 1, KEV4 9, -42
*SOLID SECTION, ELSET=LAYER_4, COMPOSITE, STACK DIRECTI0N=2, 
ORIENTATION=CYL ORIENT
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
0.127, 1, KEV4 9, 60
0.127, 1, KEV4 9, -60
*SOLID SECTION, ELSE''
ORIENTATION=CYL ORIEl
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
0.127, 1, KEV4 9, 75
0.127, 1, KEV4 9, -75
*SOLID SECTION, 
ORIENTATION=CYL_ 
0.127, 1, KEV49, 
0.127, 1, KEV49, 
0.127, 1, KEV49, 
0.127, 1, KEV49, 
0.127, 1, KEV49, 
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0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90
0.127, 1, KEV4 9, 90




■k k  
k  k  
k  k
k  k  k  k  
k k k
-SOLID SECTION DEFINITION END
-MATERAIL DEFINITION BEGIN
*MATERIAL, NAME=KEV4 9
*ELASTIC, TYPE=ENGINEERING CONSTANTS, DEPENDENCIES=4 
★ ★
**E33 , E22, Ell, V32, V31, V21, G32, G31,
G21, T, FI, F2, F3, F4
3410, 5803, 98500, 0.500, 0.012, 0.020, 1823, 2286,
10, 0, 0, 0, 0, 0
3410, 5803, 3410, 0.350, 0.350, 0.596, 1823, 2286,
10, 0, 1, 0, 0, 0
3410, 1161, 98500, 0.500, 0.012, 0.004, 1823, 2286,
10, 0, 0, 1, 0, 0
3410, 1161, 3410, 0.350, 0.350, 0.119, 1823, 2286,
10, 0, 1, 1, 0, 0
5803, 5803, 98500, 0.500, 0.020, 0.020, 1823, 2286,
10, 0, 0, 0, 1, 0
5803, 5803, 3410, 0.350, 0.691, 0.596, 1823, 2286,
10, 0, 1, 0, 1, 0
5803, 1161, 98500, 0.500, 0.020, 0.004, 1823, 2286,
10, 0, 0, 1, 1, 0
5803, 1161, 3410, 0.350, 0.691, 0.119, 1823, 2286,
10, 0, 1, 1, 1, 0
3410, 5803, 98500, 0.500, 0.012, 0.020, 1823, 2286,
2286, 0, 0, 0, 0, 1
3410, 5803, 3410, 0.350, 0.350, 0.596, 1823, 2286,
2286, 0, 1, 0, 0, 1
3410, 1161, 98500, 0.500, 0.012, 0.004, 1823, 2286,
2286, 0, 0, 1, 0, 1
3410, 1161, 3410, 0.350, 0.350, 0.119, 1823, 2286,
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2286, 0, 1, 1, 0, 1
5803, 5803, 98500, 0.500, 0.020, 0.020, 1823, 2286
2286, 0, 0, 0, 1, 1
5803, 5803, 3410, 0.350, 0.691, 0.596, 1823, 2286
2286, 0, 1, 0, 1, 1
5803, 1161, 98500, 0.500, 0.020, 0.004, 1823, 2286
2286, 0, 0, 1, 1, 1
5803, 1161, 3410, 0.350, 0.691, 0.119, 1823, 2286





*USER DEFINED FIELD 
*  *
**------ MATERAIL DEFINITION BEGIN
★ ★ + ★
■*■ * *
*MATERIAL, NAME=CARBO
*ELASTIC, TYPE=ENGINEERING CONSTANTS, DEPENDENCIES=4
**E33,
'k *
E22, Ell, V32, V31 V21, G32,
**G21, T, FI , F2, F3;, F4
3800, 9170, 140900, 0.480, 0.009, 0.021, 3100, 4850,
10, 0, 0, 0, 0, 0
3800, 9170, 3800, 0.350, 0.350, 0.845, 3100, 4850,
10, 0, 1, 0, 0, 0
3800, 1834, 140900, 0.480, 0.009, 0.004, 3100, 4850,
10, 0, 0, 1, 0, 0
3800, 1834, 3800, 0. 350, 0. 350, 0. 169, 3100, 4850,
10, 0, 1, 1, 0, 0
9170, 9170, 140900, 0.480, 0.021, 0.021, 3100, 4850,
10, 0, 0, 0, 1, 0
9170, 9170, 3800, 0. 350, 0. 845, 0. 845, 3100, 4850,
10, 0, 1, 0, 1, 0
9170, 1834, 140900, 0.480, 0.021, 0.004, 3100, 4850,
10, 0, 0, 1, 1, 0
9170, 1834, 3800, 0. 350, 0. 845, 0. 169, 3100, 4850,
10, 0, 1, 1, 1, 0
3800, 9170, 140900, 0.480, 0.009, 0.021, 3100, 4850,
4850, 0, 0, 0, 0, 1
3800, 9170, 3800, 0. 350, 0. 350, 0. 845, 3100, 4850,
4850, 0, 1, 0, 0, 1
3800, 1834, 140900, 0.480, 0.009, 0.004, 3100, 4850,
4850, 0, 0, 1, 0, 1
3800, 1834, 3800, 0. 350, 0. 350, 0. 169, 3100, 4850,
4850, 0, 1, 1, 0, 1
9170, 9170, 140900, 0.480, 0.021, 0.021, 3100, 4850,
4850, 0, 0, 0, 1, 1
9170, 9170, 3800, 0. 350, 0. 845, 0. 845, 3100, 4850,
4850, 0, 1, 0, 1, 1
9170, 1834, 140900, 0.480, 0.021, 0.004, 3100, 4850,
4850, 0, 0, 1, I ,  1
9170, 1834, 3800, 0. 350, 0. 845, 0. 169, 3100, 4850,
4850, 0, 1, 1, 1, 1
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*USER DEFINED FIELD 
★ ★
•k ★
*** FAIL STRESS *
*** 1724, -234, 27,-93, 47, -0.5,0,0 *




L1_0UT, L2_0UT, L3_0UT, L4_0UT, L5_0UT, L6_0UT 
★ ★
**------- material definition end------
* *
★ *














BOUN_90, 2, 2 





LAYER_1, P3, 800 
*  *
*  *




BOTTOM_EL, PI, -884.6 
TOP_EL, P2, -884.6 
*NODE PRINT, NSET=BOT_NSET 
U
*NODE FILE, GLOBAL=NO 
U, RF
*EL PRINT, ELSET=L1_0UT 
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*EL PRINT, ELSET=L3_0UT 












1.2, 3, 4, 5, 6, 7, 8, 9, 10,11, 12, 13,14 
COORD,E
*EL PRINT, ELSET=L6_0UT 
1,2,3,4,5,6,7,8,9,10,11, 12,13,14,15,16 
COORD,S 
*EL PRINT, ELSET=L6_0UT 
17,18,19,20,21,22,23,24,25,2 6 
COORD,S 
*EL PRINT, ELSET=L6_0UT 
1,2,3,4,5,6,7,8,9, 10,11, 12, 13,14, 15,16 
COORD,E 
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APPENDIX C: DOCUMENTATION OF SUBROUTINE 
______________ USDFLD___________________________________
C.l Variables to be defined
1. FIELD(NFIELD): An array containing the field variables at the current material 
point.
2. STATEV(NSTATV): An array containing the solution-dependent state variables.
3. PNEWDT: Ratio of suggested new time increment to the increment being used.
4. DIRECT(3,3): An array containing the direction cosines of the material directions 
in terms of the global basis directions.
5. T(3,3): An array containing the direction cosines of the material orientation 
components relative to the element basis directions.
6. CELENT: Characteristic element length.
7. TIME(l): Value of step time at the beginning of the current increment.
8. DTIME: Time increment.
9. CMNAME; Name given on the ^ORIENTATION option, left justified.
10. ORNAME: Name given on the *ORIENTATION option, left justified.
11. NFIELD; Number of field variables defined at this material point.
12. NOEL: Element number.
13. NPT: Integration point number.
14. LAYER; Layer number for composite layered solids.
15. KSPT: Section point number within the current layer.
16. KSTEP: Step number.
17. KING; Increment number.
18. NDI: Number of direct stress components at this point.
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19. nshr: Number of shear stress components at the point.
20. coord: Coordinates at this material point.
21. jmac: Variable that must be passed into the GETVRM utility routine to access an 
output variable using the utility routine.
22. jmtyp: Variable that must be passed into the GETVRM utility routine to access an 
output variable using the utility routine.
23. matlayo: Variable that must be passed into the GETVRM utility routine to access 
an output variable using the utility routine.
24. laccflg: Variable that must be passed into the GETVRM utility routine to access 
an output variable using the utility routine.
25. IT_CRI: Variable to choose the composite failure criteria. IT_CRI=1 for Tsai-Wu 
failure criteria; IT_CRI=2 for Christensen’s failure criteria; IT_CRI=3 for Puck’s 
failure criteria.
26. FLGRAY: Variable that must be passed into the GETVRM utility routine to 
access an output variable using the utility routine.
27. JARRAY: Variable that must be passed into the GETVRM utility routine to 
access an output variable using the utility routine.
28. XT: Longitudinal tensile strength of unidirectional composite material.
29. XC: Longitudinal compression strength of unidirectional composite material.
30. YT: Transverse tensile strength of unidirectional composite material.
31. YC: Transverse compression strength of unidirectional composite material.
32. SU12: Longitudinal-transverse shear strength of unidirectional composite 
material.
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33. EIT: Tensile failure strain of unidirectional composite in longitudinal direction.
34. EEl: Elastic modulus of unidirectional composite in longitudinal direction.
35. EE2; Elastic modulus of unidirectional composite in transverse direction.
36. EE3: Elastic modulus of unidirectional composite in thickness direction.
37. V12, V13, V23: Poisson’s ratio of unidirectional composite.
38. G12, G13, G23: Shear modulus of unidirectional composite.
39. EEM; Elastic modulus of matrix.
40. GM: Shear modulus of matrix.
41. VM: Poisson’s ratio of matrix.
42. E_MY: Yield strain of matrix.
43. EEFl: Longitudinal modulus of fiber.
44. EEF2: Transverse modulus of fiber.
45. VF12: Longitudinal-transverse Poisson’s ratio of fiber.
46. P_MSF: Mean stress magnification factor in Puck’s failure criteria niaf.
47. N_PUCK: Exponent factor in Puck’s failure criteria n.
48. AFART_PLf: Weibull fitting parameter a.
49. BETA_PU: Weibull fitting parameter p.
50. FAI: Fiber fraction in unidirectional composite cp.
51. D_EPSON: Material constant
52. CM_TCP: Composite material parameter m.
53. F I : User defined field for fiber failure.
54. F2: User defined field for matrix failure.
55. F3: User defined field for through-thickness material nonlinearity.
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56. F4: User defined field for in-plane shear nonlinearity.
57. S33, S22, S l l ,  S23, S13, S12: Stress components.
58. E33, E22, E l l ,  E12, E13, E23: Strain components.
59. F1_T: Material constants in Tsai-Wu failure criteria F/.
60. F2_T: Material constants in Tsai-Wu failure criteria F .̂
61. FI 1_T: Material constants in Tsai-Wu failure criteria F//.
62. F22_T: Material constants in Tsai-Wu failure criteria p 22-
63. F6_T: Material constants in Tsai-Wu failure criteria F .̂
64. F12_T: Material constants in Tsai-Wu failure criteria F 12.
65. AFART_1: Material constant in Christensen’s failure criteria ay.
66. AFART_2: Material constant in Christensen’s failure criteria ct/.
67. C_K1: Material constant in Christensen’s failure criteria ki.
68. C_K2: Material constant in Christensen’s failure criteria k2.
69. BETA_1: Material constant in Christensen’s failure criteriayff/.
-1 5 2 -
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c.l Subroutine USDFLD








C IT_CRI IS THE PARAMETER FOR THE TYPE OF FAILURE CRITERIA
C FOR TSAI-WU, IT_CRI=1;
C FOR CHRISTENSEN, IT_CRI=2
C FOR PUCK, IT_CRI=3
CC 
CC
CHARACTER*80 CMNAME, ORNAME 
CHARACTER*8 FLGRAY(15)
DIMENSION
FIELD(NFIELD),STATEV(NSTATV),DIRECT(3, 3) , T (3, 3) , TIME(2) ,
I coord(*), jmac(*), jmtyp(*)
DIMENSION ARR A Y (15), JARRAY(15)
CC
CC ****** KEV49/EPOXY ************
CC
IF (CMNAME(I:5).EQ. 'KEV49') THEN
CALL U_KEV(FIELD,STATEV,PNEWDT,DIRECT,T, CELENT,




QQ CARBON / E POXY
CC








ELSE IF(CMNAME(1:5) .EQ. 'GLASS') THEN









00******** KEVLAR-4 9/E POXY **************
00 *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
153 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CC
SUBROUTINE U_KEV(FIELD,STATEV,PNEWDT,DIRECT, T, CELENT,






C MATERIAL AND STRENGTH PARAMETERS
PARAMETER(XT=1540,XC=-234 ,YT=27, YC=-93 ,SU12=47,E1T=0.017) 
PARAMETER(EE1=98500, EE2=5803, EE3=5803, V12=0.341,V13=0.341] 
PARAMETER(V23=0.5, G12=2286,013=228 6,G23=1823)
PARAMETER(EEM=3410, GM=1390, VM=0.35, E_MY=0.050)
PARAMETER(EEF1=130000, EEF2=6730, VF12=0.336)
PARAMETER(P_MSF=1.3, N_PUCK=8, AFART_PU=2.28, BETA_PU=1.51) 
PARAMETER(FAI=0.7, S12_B=47, D_EPSON=0.15, CM_TCP=7)
CC
C IT_CRI IS THE PARAMETER FOR THE TYPE OF FAILURE CRITERIA
C FOR TSAI-WU, IT_CRI=1;
C FOR CHRISTENSEN, IT_CRI=2









1 coord(*), jmac(*), jmtyp(*)
DIMENSION A R R A Y (15), JARRAY(15)
C






C GET STRESSES FROM PREVIOUS INCREMENT
CALL GETVRMCS', ARRAY, JARRAY, FLGRAY, JRCD,








C GET STRAIN FROM PREVIOUS INCREMENT
CALL GETVRM('E ', ARRAY, JARRAY,FLGRAY, JRCD,
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c





F6_T = 1 .0/(SU12*SU12)
F12_T =-0.5*SQRT{Fll_T*F22_T)
CC







Q  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C * EVALUATE FI FOR FIBER FAILURE * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
c
c






c USE CHRISTENSEN FAILURE CRITERIA 
CC
ELSEIF(IT_CRI.EQ.2) THEN 



















C *END OF FI DEPENDENCE*
Q * * * * * * * * * * * * * * * * * * * * * *
c 
c
*  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C *DEFINITION OF F2 FOR MATRIX FAILURE*
QQ* * *******************************************
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Q-k -k * * -k -k * -k -k -k -k -k -k -k -k -k -k * if * * -k * -k -k
C
















1 + (l.+2*AFART_I)*(0.25*(S22-S33)* (S22-S33)+S23*S23)
CHR_B = AFART_1*C_K1*(S22+S33)
CHR_C= -C_K1 * C_KI 































CC CALCULATE EQUIVALENT CRACK DENSITY D_EQ 
C
D_EQ=EXP(-AFART_PU*(EPSGN_EQ**BETA_PU))
DD=0.5 * DLOG(D_EPSON)/D_EQ 
C SH=0.5*(EXP(DD)-EXP(-DD))
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* * * * * * * * * * * * * * * * * * * * * *
C *END OF F2 DEPENDENCE*
0  * * * * * * * * * * * * * * * * * * * * * *
C
(,(.*************£y^LUATE F3 DEPENDENCE***
0 0 *  *  * *  *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
CC














IF(Hl.LT.O) THEN H1=0 
IF(H2.LT.O) THEN H2=0 
IF(H3 .LT.O) THEN H3=0 











00 *  *  * *  *  * * * * * * * * * * * * * * * * * * *
CC***END OF F3 DEFINITION*
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CC
Q *★***★*★ **£Y^Ly^*pg *•*-*■*•***■*••*■ *













QQ* ***■*■ ilr * * CARBON/EPOXY
CC







C MATERIAL AND STRENGTH PARAMETERS
PARAMETER(XT=1347,XC=-1181 ,YT=48, YC=-199 ,SU12=95,E1T=0.01) 
PARAMETER(EE1=140900, EE2=9170, EE3=9170, V12=.325,V13=.325) 
PARAMETER(V23=.48, G12=4 850,G13=4 850,G23=3100)
PARAMETER(EEM=3800, GM=1407, VM=.35, E_MY=0.050) 
PARAMETER(EEF1=224900, EEF2=16260, VF12=.312)
PARAMETER(P_MSF=1.1, N_PUCK=6, AFART_PU=1.06, BETA_PU=1.17) 
PARAMETER(FAI=.62, S12_B=95, D_EPSON=0.15, CM_TCP=3)
CC
C IT_CRI IS THE PARAMETER FOR THE TYPE OF FAILURE CRITERIA
C FOR TSAI-WU, IT_CRI=1;
C FOR CHRISTENSEN, IT_CRI=2









1 c o o r d ( * ) ,  j m a c ( * ) ,  j m t y p ( * )
DIMENSION ARR A Y (15), JARRAY(15)
C
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C GET STRESSES FROM PREVIOUS INCREMENT
CALL GETVRM('S', ARRAY, JARRAY,FLGRAY, JRCD,








C GET STRAIN FROM PREVIOUS INCREMENT
CALL GETVRM('E', ARRAY, JARRAY,FLGRAY,JRCD,























Q  ' k 'k ' k 'k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k
C * EVALUATE FI FOR FIBER FAILURE *
C
c






c USE CHRISTENSEN FAILURE CRITERIA
CC
ELSEIF(IT_CRI.EQ.2) THEN 





















0 0  * * * * * * * * * * * * * * * * * * * * * *
C *END OF FI DEPENDENCE*
0  * * * * * * * * * * * * * * * * * * * * * *
C
c
Q Q  ' k 'k ' k ie 'k 'k ' k ' k 'k ' k 'k ' k ' k ' k ' k ic 'k ' k ' k ' k ' k ' k ' k ie -k 'k ' k ' k ' k i f ' k -k 'k -k 'k ' k i f i f i c ie 'k ' k ' k i f -k
C *DEFINITION OF F2 FOR MATRIX FAILURE*
"k "k •k rk "te -k •k "k "k it "k 'k "k "k "k "k 'k "k 'k "k "k "k "k "k "k "k 'k "k "k "ir -k -k -k "k "k -k 'k "ie •k "k "k 'k "k
C
CC USE TSAI-WU CRITERION 

















CHR_C= -C_K1 * C_K1 
IF(CHR_A .NE. 0) THEN
































CC CALCULATE EQUIVALENT CRACK DENSITY D_EQ 
C
D_EQ=EXP(-AFART_PU*(EPSON_EQ**BETA_PU))





















Q Q  * * * * * * * * * * * * * * * * * * * * * *
C *END OF F2 DEPENDENCE*
C
Q Q *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
CC*************EVALUATE F3 DEPENDENCE***
Q Q *  * * * * * * * * * *  *  * * * * * * * * * * * * * * * * * * * * * * * * * *
CC
















IF(Hl.LT.O) THEN H1=0 
IF(H2.LT.O) THEN H2=0 












Q Q *  * * * * *  *  * * * * * * * * * * * * * * * * *
CC***END OF F3 DEFINITION*
-k ie 'k •k "k -k -k "k -k ie -k -k -k ic -k "k "k -k •k -k -k "k
CC























C MATERIAL AND STRENGTH PARAMETERS
PARAMETER(XT=1020,XC=-620 ,YT=40, YC=-140 ,SU12=60,E1T=0.025) 
PARAMETER(EE1=45000, EE2=13940, EE3=13940, V12=.265,V13=.265) 
PARAMETER(V23=0.5, G12=4610,G13=4610,G23=5220)
PARAMETER(EEM=3640, GM=1348, VM=0.35, E_MY=0.050)
PARAMETER(EEF1=72500, EEF2=72500, VF12=0.22)
PARAMETER(P_MSF=1.3, N_PUCK=8, AFART_PU=2.28, BETA_PU=1.51) 
PARAMETER(FAI=0.6, S12_B=60, D_EPSON=0,15, CM_TCP=7)
CC
C IT_CRI IS THE PARAMETER FOR THE TYPE OF FAILURE CRITERIA
C FOR TSAI-WU, IT CRI=1;
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C FOR CHRISTENSEN, IT_CRI=2





CHARACTER*80 CMNAME, ORNAME 
CHARACTER*8 FLGRAY(15)
DIMENSION
FIELD(NFIELD),STATEV(NSTATV),DIRECT(3,3),T(3,3),T I M E (2), 
1 coord(*), jmac(*), jmtyp(*)
DIMENSION A R R A Y (15), JARRAY(15)
C






C GET STRESSES FROM PREVIOUS INCREMENT
CALL GETVRM('S', ARRAY, JARRAY,FLGRAY,JRCD,








C GET STRAIN FROM PREVIOUS INCREMENT
CALL GETVRM('E ', ARRAY, JARRAY,FLGRAY,JRCD,





















BETA 1 = (0.5*YC/SU12)**2
c
C 'k -k it 'k-k ie 'k 'k 'k 'k it 'k -k 'k 'k 'k 'k 'k 'k ie -ic 'k 'k ic ie 'k 'k 'k 'k 'k -k -k ie
* EVALUATE FI FOR FIBER FAILURE *
•k'ic'k'k'k'k'k'ie'k'k'k-ic'k'k'k'k'k'k-k'k'ir 'k'k-ie'k'kie'k'k'k'k'k'k
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c
c






c USE CHRISTENSEN FAILURE CRITERIA 
CC
ELSEIF(IT_CRI.EQ.2) THEN 




















C *END OF FI DEPENDENCE*
Q  ' k ' k 'k ' k ' k ' k ie 'k ' k ' k ' k ' k ' k ' k ' k 'k ' k ' k ' k ' k ' k ' k
C
C
0 Q *  i e ' k ' k ' k ' k ' k ie 'k ' k ' k ' k ic 'k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ie i r ’k 'k ' k 'k ' k ' k ' k ic 'k ' k ' k ' k ' k ic 'k
C *DEFINITION OF F2 FOR MATRIX FAILURE*
QQ* ***** -k ********************************** -k * * *
Q *  * * * * * * * * * * * * * * * * * * * * * * *  *
c
















- 1 6 4 -
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CHR_B = AFART_1*C_K1*(S22+S33)
CHR_C= -C_K1 * C_K1 
IF(CHR_A .NE. 0) THEN






























CC CALCULATE EQUIVALENT CRACK DENSITY D_EQ 
C
D_EQ=EXP(-AFART_PU*(EPSON_EQ**BETA_PU))
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Q Q  ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k ' k i c - k ' k ' k ' k ' k ' k i e ' k ' k
C *END OF F2 DEPENDENCE*
Q  * * * * * * * * * * * * * * * * * * * * * *
c
CC*************EVALUATE F3 DIPENDENCE***
Q Q *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  *
CC
C ******FIBER CONTACT STRAN****
C
E_CT=-( ( 1 - 1 . 0206*SQRT(FAI)) + 1 . 0206*SQRT(FAX)*EEM*E_MY/EEF2) 
IF(E33.LE.E_CT) THEN




EE_C1= 1 . 0 / (FAI_1/EEF2+(1 -FA I_1) /EEM)





IF (H l .L T .G )  THEN H1=0 
IF(H2.LT.O) THEN H2=0 
IF(H3 .LT.O) THEN H3=0 









STATEV( 3 ) =F3
CC
CC***END OF F3 DEFINITION*
CC
'/f "ir "ie "/e "k 'fe ^  'k 'fc •k •k •ic ^  ie 'k 'Je "k 'fe 'tr '̂ e "fe 'k 'k •k "k 'k '̂ r -k 'ir Tk -k "ir ^  'if "k "te 'k 'k ie "k ik "Jc
Q *EVALUATE F4 **********
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